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Abstract
The history of the geometry of Double Field Theory is the history of string theorists’ effort to
tame higher geometric structures. In this spirit, the first paper of this paper will contain a brief
overview on the literature of geometry of DFT, focusing on the attempts of a global description.
In [Alf20] we proposed that the global doubled space is not a manifold, but the total space of a
bundle gerbe. This would mean that DFT is a field theory on a bundle gerbe, in analogy with
ordinary Kaluza-Klein Theory being a field theory on a principal bundle.
In this paper we make the original construction by [Alf20] significantly more immediate. This
is achieved by introducing an atlas for the bundle gerbe. This atlas is naturally equipped with
2d-dimensional local charts, where d is the dimension of physical spacetime. We argue that the
local charts of this atlas should be identified with the usual coordinate description of DFT.
In the last part we will discuss aspects of the global geometry of tensor hierarchies in this
bundle gerbe picture. This allows to identify their global non-geometric properties and explain
how the picture of non-abelian String-bundles emerges. We interpret the abelian T-fold and the
Poisson-Lie T-fold as global tensor hierarchies.
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1 Introduction
Double Field Theory. The symmetry known as T-duality is one of the main features of
String Theory, in comparison with classical field theories. Double Field Theory (DFT) is an
attempt to make this symmetry manifest: in other words it is a T-duality covariant formulation
of Type II supergravity. DFT was officially created in [HZ09], but seminal work includes [Sie93a]
and [Sie93b]. See [BT14] for a review of the subject and [BB20] for a review in the broader
context of extended field theories.
2
The bundle gerbe of Kalb-Ramond field. Geometrically the Kalb-Ramond field is
interpreted as the connection of a bundle gerbe G ։ M , a geometric object which possesses
gauge transformations, but also gauge-of-gauge transformations. Bundle gerbes were originally
introduced in [Mur96] and the definition of their gauge transformation was defined later in
[MS00]. See [Mur07] for an introductory review. In [Hit01] bundle gerbes were reformulated in
terms of Čech cohomology. Given a good cover {Uα} of the base manifold M , the local 2-forms
Bα ∈ Ω2(Uα) are patched by local 1-form gauge transformations Λαβ ∈ Ω1(Uα ∩ Uβ) which are
themselves patched by scalar gauge transformations Gαβγ ∈ C∞(Uα ∩ Uβ ∩ Uγ) satisfying the
cocycle condition on four-fold overlaps of patches. In other words the differential local data of
the Kalb-Ramond field are patched on overlaps of patches by the conditions
H = dB(α)
B(β) −B(α) = dΛ(αβ)
Λ(αβ) + Λ(βγ) + Λ(γα) = dG(αβγ)
G(αβγ) −G(βγδ) +G(γδα) −G(δαβ) ∈ 2πZ
(1.0.1)
More recently in [NSS15] bundle gerbes were formalized as a specific case of principal∞-bundle,
which is a principal bundle where the ordinary Lie group fiber has been generalized to any L∞-
group. Therefore any Kalb-Ramond field is the connection of a particular principal ∞-bundle.
Higher geometry of T-duality. Notice that T-duality has been naturally formulated in
the context of higher geometry as an isomorphism of bundle gerbes between a string background
and its dual in [BN15], [FSS17a], [FSS17b], [FSS18a], [FSS18b] and [NW19]. Let us consider
two T n-bundle spacetimesM π−→M0 and M˜ π˜−→M0 over a common base manifoldM0. Then the
couple of bundle gerbes G Π−→ M and G˜ Π˜−→ M˜ , encoding two Kalb-Ramond fields respectively
on M and M˜ , are geometric T-dual if the following isomorphism exists
G ×M0 M˜ M ×M0 G˜
G M ×M0 M˜ G˜
M M˜
M0
∼=
T-duality
Ππ˜ πΠ˜
Π ππ˜ Π˜
π π˜
(1.0.2)
This diagram can be interpreted as the finite version of the one in [CG11] for the respective
Courant algebroids. In this sense T-duality is a geometric property of bundle gerbes.
3
Higher Kaluza-Klein Theory. As argued in [Ber19] and [BB20], DFT should be inter-
preted as a generalization of Kaluza-Klein Theory where it is the Kalb-Ramond field, and not
a gauge field, that is unified with the pseudo-Riemannian metric in a bigger space. Since the
Kalb-Ramond field is geometrized by a bundle gerbe, in [Alf20] we proposed that DFT should
be globally interpreted as a field theory on the total space of a bundle gerbe, just like ordinary
Kaluza-Klein Theory lives on the total space of a principal bundle. In the reference we showed
how to derive some known doubled spaces such as the ones describing T-folds, and how to
interpret T-duality.
In this paper we want to clarify some aspects of Higher Kaluza-Klein geometry by comparing it
to previous proposals of DFT geometry. In particular we will deal with the problem of equipping
a bundle gerbe with suitable coordinates. Finally we will focus on the concept of tensor hierarchy
and how this emerges from a bundle gerbe perspective.
Plan of the paper. In section 2 we will illustrate a concise review of the main proposals
for a global geometry of DFT, together with a discussion of the main open problems. In section
3 we will give a brief introduction to the Higher Kaluza-Klein proposal. In section 4 we will
introduce an atlas for the bundle gerbe and we will argue that the 2d local coordinates of the
charts must be interpreted as the local coordinates of the doubled space of DFT. Finally, in
section 5, we will consider both an abelian T-fold and a Poisson-Lie T-fold and we will interpret
them as particular cases of global tensor hierarchies. Thus we will propose a globalization for
tensor hierarchies which relies on the dimensional reduction of the bundle gerbe.
2 Review of proposals for DFT geometry
In this section we will give a brief overview on the main proposals for geometry of DFT. We will
underline relations between the approaches and we will discuss some open problems.
2.1 Non-associative proposal
The non-associative proposal was presented by [HZ13] and further developed by [HLZ13]. Its
aim is to realize the group of gauge transformations of DFT by diffeomorphisms of the doubled
space. However, since the C-bracket structure on doubled vectors does not satisfy the Jacobi
identity, its exponentiation will not give us a Lie group, but a geometric object which does not
satisfy the associativity property.
Non-trivial three-fold overlaps. In the proposal by [HLZ13] the doubled space M is
just a 2d-dimensional smooth manifold. This means that we can consider a cover {Uα}, so that⋃
α Uα =M, and glue the coordinate patches on each two-fold overlap Uα ∩ Uβ of the doubled
space by diffeomorphisms x(β) = f(αβ)
(
x(α)
)
. Vectors of the tangent bundle TM will be then
glued on each T (Uα∩Uβ) by the GL(2d)-valued Jacobian matrix J(αβ) := ∂x(α)/∂x(β). However
these transformations do not work for doubled vectors from DFT, thus [HLZ13] proposed that
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the doubled vectors should transform by the O(d, d)-valued matrix given by
F(αβ) := 1
2
(
J(αβ)J
−T
(αβ) + J
−T
(αβ)J(αβ)
)
(2.1.1)
which indeed preserves the O(d, d)-metric η := ηMNdxM ⊗dxN . Now, if we go to the three-fold
overlaps of patches Uα ∩ Uβ ∩ Uγ we realize that these transition functions do not satisfy the
expected cocycle condition. In other words we generally have
F(αβ) F(βγ)F(γα) 6= 1 (2.1.2)
Notice that for the first time we see something resembling a gerbe-like structure spontaneously
emerging in DFT geometry.
Modified exponential map. The solution proposed by [HLZ13] consists, first of all, in a
modified exponential map expΘ : X(U) → Diff(U). This will map any vector X ∈ X(U) in the
diffeomorphism given by
x′ = eΘ(X)x with Θ(X)M := XM +
∑
i
ρi∂
Mχi︸ ︷︷ ︸
O(X3)
(2.1.3)
where ρi and χi are functions on x depending on the vector X in a way which guarantees that
Θ(X)M∂M = X
M∂M when applied to any field satisfying the strong constraint. This modified
diffeomorphism crucially agrees with the gauge transformation V ′(x) = eLXV (x) of DFT, where
LX is the generalized Lie derivative defined by the D-bracket.
⋆-product and non-associativity. In ordinary differential geometry the exponential map
exp :
(
X(U), [−,−]) → (Diff(U), ◦ ) maps a vector X 7→ eX into the diffeomorphism that it
generates. The usual exponential map notoriously satisfies the property eX ◦ eY = eZ with
Z ∈ X(U) given by the Baker-Campbell-Hausdorff series Z = X + Y + [X,Y ]/2 + . . . for any
couple of vectors X,Y ∈ X(U). The idea by [HLZ13] consists in equipping the space of vector
fields X(U) with another bracket structure (X(U), J−,−KC), where J−,−KC is the C-bracket of
DFT. Now this algebra can be integrated by using the modified exponential map expΘ defined
in (2.1.3) to a quasigroup
(
Diff(U), ⋆ ) that satisfies
eΘ(X) ⋆ eΘ(Y ) = eΘ(Z) with Z = X + Y +
1
2
JX,Y KC + . . . (2.1.4)
It is possible to check that this ⋆-product is not associative: in other words the inequality
(f ⋆ g) ⋆ h 6= f ⋆ (g ⋆ h), (2.1.5)
where f, g, h ∈ Diff(U) are diffeomorphisms, generally holds. Now let us call the diffeomorphisms
f := eΘ(X), g := eΘ(Y ) and h := eΘ(Z) obtained by exponentiating three vectors X,Y, Z ∈ X(U).
Then the obstruction of the ⋆-product from being associative is controlled by an element W
5
which satisfies the equation
(f ⋆ g) ⋆ h = W ⋆
(
f ⋆ (g ⋆ h)
)
(2.1.6)
and which is given by W = expΘ
(− 16J (X,Y, Z) + . . . ), where J (−,−,−) is the Jacobiator
of the C-bracket. Even if it is well-known that the Jacobiator is of the form JM = ∂MN for
a function N ∈ C∞(U), notice that the transformation W is non-trivial. Also if we consider
diffeomorphisms on doubled space which satisfy f(αβ) ⋆ f(βγ) = f(αγ), we re-obtain the desired
property F(αβ)F(βγ) = F(αγ) for doubled vectors.
We know that the diffeomorphisms group of the doubled space is not homeomorphic to the
group GDFT of DFT gauge transformations eLX . But now, by replacing the composition of
diffeomorphisms with the ⋆-product, we can define a homomorphism
ϕ :
(
Diff(U), ⋆ ) −→ GDFT (2.1.7)
which therefore satisfies the property
ϕ(f ⋆ g) = ϕ(f)ϕ(g). (2.1.8)
This property determines the ⋆-product up to trivial gauge transformation. In the logic of
[HLZ13] this will allow to geometrically realize DFT gauge transformation as diffeomorphisms
of the doubled space.
2.2 Proposal with gerbe-like local transformations
The first paper in the literature explicitly recognizing the higher geometrical property of DFT
is [BCP14]. In the reference it is argued that we can overcome many of the difficulties of the non-
associative proposal by describing the geometry of DFT modulo local O(d, d)-transformations.
Gerbes debut. Their proposal starts from the same problem (2.1.2), but proposes a different
solution. We can rewrite the C-bracket of doubled vectors by JX,Y KC = [X,Y ]Lie + λ(X,Y )
where we called λM (X,Y ) := XN∂MYN . This means that we can rewrite the algebra of DFT
gauge transformations as [LX ,LY ] = L[X,Y ]Lie +∆(X,Y ) where we defined ∆(X,Y ) := Lλ(X,Y ).
In [BCP14] it is noticed that the extra ∆-transformation appearing in the DFT gauge algebra
is non-translating, i.e. it involves no translation term if acting on tensors satisfying the strong
constraint. Thus the diffeomorphism eX and the gauge transformation eLX agree up to a local
transformation e∆ = 1+∆. In fact, if we impose the strong constraint on fields and parameters
∆ NM =
(
0 0
∂[µλ˜ν] 0
)
(2.2.1)
where λ˜µ = XN∂µYN depends only on the d-dimensional physical subset U ⊂ U of our doubled
space patch. Hence the local ∆-transformation is just an infinitesimal gauge transformation
Lλ˜B = dλ˜ of the Kalb-Ramond field.
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Further discussion. As noticed by [Hul15], ∆-transformations are integrated on a patch
U to the group Ω1(U) of finite gauge transformations of the Kalb-Ramond field, while full
gauge transformations generated by a strong constrained doubled vectors are integrated to
Diff(U) ⋉ Ω1(U) ⊂ Diff(U). Now we notice that the group of DFT gauge transformations
effectively becomes the homotopy quotient GDFT =
(
Diff(U)⋉Ω1(U)
)
//Ω1(U), thus a 2-group.
The doubled space is still a 2d-dimensional manifoldM and then its coordinate patches on each
two-fold overlap Uα ∩Uβ are still glued by by diffeomorphisms x(β) = f(αβ)
(
x(α)
)
. The doubled
vectors are still glued by the O(d, d)-valued matrix F(αβ) defined in (2.1.1), like in the non-
associative proposal. Now, according to [BCP14], on three-fold overlaps of patches Uα ∩Uβ ∩Uγ
the transition functions of doubled vectors satisfy
F(αβ) F(βγ) = F(αγ)e∆(αβγ) (2.2.2)
i.e. they satisfy the desired transitive property up to a local ∆-transformation. In a more
mathematical language we can say that doubled vectors would be sections of a stack on the
2d-dimensional manifold M. This is not surprising since the algebra of GDFT is of the form(
X(U)⊕Ω1(U))//Ω1(U), which then must be glued on overlaps of patches by B-shifts dλ˜. Thus
we could replace the concept of non-associative transformations with a gerbe-like structure.
2.3 Doubled-yet-gauged space proposal
In [Par13] the idea of doubled-yet-gauged space was proposed. According to the reference the
doubled space M is a smooth manifold characterized by coordinate symmetry, meaning that
there exists a canonical gauge action on its local coordinates expressed by
xM ∼ xM +
∑
i
ρi∂
Mχi(x) (2.3.1)
for any choice of functions ρi, χi ∈ C∞(U). This observation is motivated by the fact that any
strong constrained tensor satisfies the identity TA1...An
(
x+λ(x)
)
= TA1...An(x) where we called
λM :=
∑
i ρi∂
Mχi at any point x ∈ U . If we choose coordinates on our doubled patch U so
that the strong constraint is solved by letting all the fields and parameters depend only on the
d-dimensional subpatch U ⊂ U . Then the coordinate symmetry on the doubled space reduces
to
(
xµ, x˜µ
) ∼ (xµ, x˜µ + λ˜µ(x)) where λ˜µ =∑i ρi∂µχi. This coordinate symmetry, similarly to
the ∆-transformations in the previous proposal, induces gauge symmetry of the Kalb-Ramond
field by δλ˜B = dλ˜, where the parameter is exactly λ˜ := λ˜µdx
µ.
Gluing the doubled-yet-gauged space. We can thus identify the physical d-dimensional
patches with the quotients Uα ∼= Uα/ ∼. Now, if we want to glue our doubled patches by re-
specting the coordinate gauge symmetry, on two-fold overlaps of patches Uα ∩ Uβ we have
x(β) = f(αβ)
(
x(α)
)
, x˜(β) = x˜(α) + Λ(αβ)
(
x(α)
)
(2.3.2)
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which implies the patching conditionsB(β) = f∗(αβ)B(α)+dΛ(αβ) where the local 1-forms Λ(αβ) :=
Λ(αβ)µdx
µ
(β) are given by the patching conditions (2.3.2). But then, according to this, the
doubled spaceM would be the total space (Rd)∗-bundle on the physical d-dimensional spacetime
M . Physical spacetime would be recovered by the quotient M/(Rd)∗ = M .
Further discussion. The main problem of this approach is that it does not give alone the
right globalization for the doubled space. In fact if we compose the transformations (2.3.2) on
three-fold overlaps of patches Uα ∩ Uβ ∩ Uγ we immediately obtain the cocycle condition
Λ(αβ) + Λ(βγ) + Λ(γα) = 0. (2.3.3)
But this, as we will see, is the cocycle describing a topologically trivial gerbe bundle, which
will consequently have trivial H-flux [H ] = 0 ∈ H3(M,Z). Therefore we are not geometrizing a
general string background. However, as we will see, local coordinate symmetry appears to be a
fundamental property of the double space.
2.4 Finite gauge transformations proposal
In [Hul15, pag. 23] it was proposed that, given a geometric background M , the group of gauge
transformations of DFT should be just
GDFT = Diff(M)⋉ Ω
2
cl(M), (2.4.1)
i.e. diffeomorphisms of the manifold M and B-shifts. In particular it was argued that any try
of realizing the group of gauge transformations of DFT as diffeomorphisms of a 2d-dimensional
space should fail, because it is not homomorphic to the group of diffeomorphisms.
Finite gauge transformations. In [Hul15, pag. 20] it was then proposed that double
vectors on a geometric background M are just sections of a Courant algebroid E ։ M twisted
by a bundle gerbe. In other words, on any patch Uα of the manifold M , a doubled vector would
be of the form
V(α) =
(
1 0
−B(α) 1
)(
v(α)
v˜(α)
)
=
(
vµ(α)
v˜(α)µ +B(α)µνv
ν
(α)
)
(2.4.2)
It was also shown by [Hul15, pag. 23] that the O(d, d)-matrix (2.1.1) transforming double vectors
under a finite gauge transformation of DFT, i.e. a diffeomorphism x(β) = f(αβ)
(
x(α)
)
and a
B-shift dλ(αβ), reduces to
F(αβ) =
(
j(αβ) 0
0 j−T(αβ)
)(
1 0
−B(α) 1
)(
1 0
dλ(αβ) 1
)
(2.4.3)
where we called j(αβ) := ∂x(β)/∂x(α) the Jacobian matrix of the diffeomorphism. This way it is
natural to recover equation (2.2.2), i.e.
F(αβ)F(βγ)F(γα) = e∆(αβγ) (2.4.4)
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where e∆(αβγ) will generally be a non-trivial local B-shift.
Further discussion. This proposal clarifies the previous ones by illustrating that, whenever
the strong constraint can be globally solved by letting the fields depend on a d-dimensional
submanifold M , doubled vectors must be seen as sections of a Courant algebroid twisted by a
gerbe on M . For non-geometric backgrounds, however, this picture holds only locally.
2.5 C-space proposal
The idea of C-spaces was born in [Pap14], matured in [Pap15] and further explored in [HP17]
in relation to topological T-duality. This was the first proposal to suggest that a global double
space should consist in the total space of a bundle gerbe, equipped with a particular notion of
coordinates, which was renamed C-space.
C-spaces. The notation C [H]M for a C-space makes explicit that it is topologically classified
only by the base manifold M and by the Dixmier-Douady class [H ] ∈ H3(M,Z), i.e. the H-flux.
According to [Pap15] we can introduce two sets of coordinates for a C-space C [H]M −։ M on
some base manifold M . We must consider new coordinates y1(α) on each patch Uα and θ(αβ) on
each two-fold overlap of patches Uα ∩ Uβ of M . Let us now recall that the differential data of
a bundle gerbe on M is specified by a Čech cocycle
(
B(α),Λ(αβ), G(αβγ)
)
, with B(α) ∈ Ω2(Uα),
Λ(αβ) ∈ Ω1(Uα ∩ Uβ) and G(αβγ) ∈ C∞(Uα ∩ Uβ ∩ Uγ) which satisfy
B(β) −B(α) = dΛ(αβ)
Λ(αβ) + Λ(βγ) + Λ(γα) = dG(αβγ)
G(αβγ) −G(βγδ) +G(γδα) −G(δαβ) ∈ 2πZ
(2.5.1)
Then the extra coordinates
(
y1(α), θ(αβ)
)
, which have "the degree" of a 1-form and of a scalar,
must be then glued on two-fold and three-fold overlaps of patches of M by using the transition
functions of the gerbe, i.e. by
−y1(α) + y1(β) + dθ(αβ) = Λ(αβ),
θ(αβ) + θ(βγ) + θ(γα) = G(αβγ) mod 2πZ.
(2.5.2)
With this identification, a change of coordinates
(
y1(α), θ(αβ)
) 7→ (y1(α) + η(α), θ(αβ) + η(αβ))
induces a gauge transformation for the Kalb-Ramond field given by
B(α) 7→ B(α) + dη(α),
Λ(αβ) 7→ Λ(αβ) + η(α) − η(β) + dη(αβ)
G(αβγ) 7→ G(αβγ) + η(αβ) + η(βγ) + η(γα)
(2.5.3)
in analogy with the extra coordinate of ordinary Kaluza-Klein Theory.
Moreover, if we take the differential of the first patching condition in (2.5.2), we obtain the
condition −dy1(α) + dy1(β) = dΛ(αβ) for the differentials. This means that if we rewrite in
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components y1(α) = y
1
(α)µdx
µ, we can also rewrite −dy1(α)µ + dy1(α)µ = dΛ(αβ)µ. If we define the
dual vectors ∂/∂y1(α)µ to the 1-forms dy
1
(α)µ as vectors satisfying
〈
∂/∂y1(α)µ, dy
1
(α)ν
〉
= δµν , we
obtain doubled vector of the following form:
V(α) = v
µ
(α)
∂
∂xµ(α)
+
(
v˜(α)µ +B(α)µν v
ν
(α)
)
∂
∂y1(α)µ
(2.5.4)
which are exactly the same as the ones in (2.4.2). Therefore the analogue of the tangent bundle
of the C-space can be identified with a Courant algebroid E ։M twisted by the gerbe (2.5.1).
Further discussion. The proposal seems to capture something quite fundamental of the
geometry of DFT, by suggesting that the doubled space should be the total space of the gerbe
itself. This looks consistent with the existing idea that doubled vectors should belong to a
Courant algebroid twisted by a gerbe, which is the analogous to the tangent bundle for a gerbe.
However this intuition is still waiting for a proper formalization: for example it is not clear
how to construct coordinates that are 1-forms on M . Moreover it is still not clear what is the
relation with the new extra coordinates and the T-dual spacetime.
2.6 Pre-NQP manifold proposal
The pre-NQP manifold proposal was developed by [DS18], generalized to Heterotic DFT by
[DHS18] and then applied to the particular example of nilmanifolds by [DS19]. This approach
to DFT is based on the fact that n-algebroids can be equivalently described by differential-
graded manifolds, including the Courant algebroid, which describes the local symmetries of the
bundle gerbe of the Kalb-Ramond field. The idea is thus that we can describe the geometry of
DFT by considering the differential graded manifold which geometrizes the Courant algebroid
and by relaxing some of the conditions.
L∞-algebroids as NQ-manifolds. Given a L∞-algebroid a։M on some base manifold
M , we can always associate to a its Chevalley-Eilenberg algebra CE(a), which is essentially the
differential graded algebra of its sections. This is defined by
CE(a) :=
(
∧• Γ(M, a∗•), dCE
)
(2.6.1)
where the underlying complex is defined by
∧• Γ(M, a∗•) := C∞(M)︸ ︷︷ ︸
degree 0
⊕ Γ(M, a∗0)︸ ︷︷ ︸
degree 1
⊕ Γ(M, a∗1 ⊕ (a∗0 ∧ a∗0))︸ ︷︷ ︸
degree 2
⊕ . . . (2.6.2)
where the ak for any k ∈ N are the ordinary vector bundles underlying the L∞-algebroid. In
the definition dCE is a degree 1 differential operator on the graded complex ∧•Γ(M, a∗•) which
encodes the L∞-bracket structure of the original L∞-algebroid a.
Now a NQ-manifold is defined as a graded manifold M equipped with a degree 1 vector field
Q satisfying Q2 = 0. The fundamental feature of NQ-manifolds is that the algebra of functions
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of any NQ-manifold M is itself a differential graded algebra (C∞(M), Q) where the role of the
differential operator is played by the vector Q, which is thus called cohomological.
Crucially there exists an equivalence between L∞-algebroids and NQ-manifolds given by
CE(m) =
(
C∞(M), Q
)
(2.6.3)
any L∞-algebroid m can be equivalently seen as a NQ-manifold M. In the particular case
which is relevant for DFT we consider the 2-algebroid atG of infinitesimal gauge transformation
of the bundle gerbe of the Kalb-Ramond field on a manifold M . This is notoriously given by a
NQ-manifold T ∗[2]T [1]M by the usual identification
CE(atG) =
(
C∞(T ∗[2]T [1]M), QH) (2.6.4)
where QH is the cohomological vector twisted by the curvature H ∈ Ω3cl(M) of the gerbe. To
show this, notice first that in this case the differential graded algebra of functions on our NQP-
manifold will be truncated at degree < 2. The degree 1 sections will be sums of a vector and a
1-form X + ξ ∈ Γ(M,TM ⊕ T ∗M) and the degree 0 sections will be just functions f ∈ C∞(M)
on the base manifold. Now we can explicitly rewrite the underlying chain complexes of the two
differential graded algebras (2.6.4) by
CE(atG) =
(
C∞(M) d−−→ Γ(M, TM ⊕ T ∗M)
)
(
C∞(T ∗[2]T [1]M), QH) = (C∞(M) d−−→ Γ(M, TM ⊕ T ∗M)), (2.6.5)
moreover the derived bracket structure (see [DS18] for details) defined by the cohomological
vector QH on C∞
(
T ∗[2]T [1]M
)
is exactly the bracket structure of the Courant 2-algebroid:
ℓ1(f) = df
ℓ2(X + ξ, Y + η) = [X,Y ] + LXη − LY ξ − 1
2
d〈X + ξ, Y + η〉+ ιXιYH
= [X + ξ, Y + η]Cou
ℓ2(X + ξ, f) = LXf
ℓ2(X + ξ, Y + η, Z + ζ) =
1
3!
〈
X + ξ, [Y + η, Z + ζ]Cou
〉
+ cycl.
(2.6.6)
where [−,−]Cou is the Courant bracket and 〈−,−〉 is the bundle metric defined by the contraction
〈X + ξ, Y + η〉 = ιXη + ιY ξ for every sections X + ξ, Y + η ∈ Γ(M,TM ⊕ T ∗M).
Symplectic L∞-algebroids as NQP-manifolds. The Courant 2-algebroid is canoni-
cally a symplectic 2-algebroid (see [FRS13] for details), i.e. it can be equipped with a canonical
symplectic form ω, which can be easily expressed in local coordinates on the corresponding NQ-
manifold. On each local patch of the NQ-manifold T ∗[2]T [1]M we can choose local coordinates
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(xµ, eµ, e¯µ, pµ) where the xµ are in degree 0, while the (eµ, e¯µ) are both in degree 1 and the pµ
are in degree 2. On the local patches we can express the symplectic form ω ∈ Ω2(T ∗[2]T [1]M)
in local coordinates by
ω = dxµ ∧ dpµ + deµ ∧ de¯µ. (2.6.7)
We can also use Hamilton’s equations ιQHω = QH to express the vector QH by an Hamiltonian
function QH . We find
QH = eµpµ +Hµνλeµeνeλ (2.6.8)
where H ∈ Ω3cl(M) is a representative of the Dixmier-Douady class [H ] ∈ H3(M,Z) of the
original bundle gerbe G ։ M . This class in the literature of differential graded manifolds
changes name in Ševera class.
A pre-NQP-manifold for DFT. By following [DS18], we choose as 2d-dimensional base
manifold M = T ∗U the cotangent bundle of some d-dimensional local patch. This is because we
are interested in the local geometry of the doubled space and we have still no information about
how to patch together these local 2d-dimensional T ∗U manifolds. Thus the Courant algebroid
on T ∗U will be given by the NQP-manifold T ∗[2]T [1](T ∗U), as we have seen. This will have
coordinates (xM , eM , e¯M , pM ) still respectively in degrees 0, 1, 1 and 2, but withM = 1, . . . , 2d.
We must then think the local coordinates xM = (xµ, x˜µ) to be the doubled coordinates of DFT.
Since T ∗U is canonically equipped with the tensor ηMN , we can make a change of degree 1
coordinates by
EM :=
1√
2
(eM + ηMN e¯N), E¯M :=
1√
2
(e¯M − ηMNeN ) (2.6.9)
Now we must restrict ourselves to the submanifold M := {E¯M = 0} of the original manifold
T ∗[2]T [1](T ∗U). It is not hard to check that this submanifold will beM = (T ∗[2]⊕T [1])(T ∗U).
The degree 1 functions on M will then be doubled vectors of the form
Xµ(x, x˜)
(
∂
∂xµ
+ dx˜µ
)
+ ξµ(x, x˜)
(
∂
∂x˜µ
+ dxµ
)
(2.6.10)
and the degree 0 functions will be just ordinary functions of the form f ∈ C∞(T ∗U). The
symplectic form restricted to the submanifold M will now be
ω|M = dxM ∧ dpM + 1
2
ηMNdE
M ∧ dEN . (2.6.11)
The new Hamiltonian function will be Q|M = EMpM +HMNLEMENEL, where HMNL now is
the curvature of a bundle gerbe on the 2d-dimensional base T ∗U , which we should think as the
extended fluxes of DFT. Crucially ourM will still be a symplectic graded manifold, however it
will not be a NQP-manifold since the new restricted vector Q is not nilpotent on M, i.e. we
have that Q2 6= 0. This is exactly the reason why [DS18] named M pre-NQP manifold and
therefore this cannot be seen an L∞-algebroid.
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However this pre-NQP manifold satisfies a very interesting property: the pre-NQP-manifold
has a number of sub-manifold which are proper NQP-manifolds and thus well-defined sub-2-
algebroids. Schematically we have
CE(a) ⊂ (C∞(M), Q) (2.6.12)
where a is one of these sub-2-algebroids. On any of these, the bracket of doubled vectors in
degree 1 will be exactly the D-bracket of DFT, which will be given by JX,Y KD := {QX, Y }.
For instance we can choose the differential graded algebra of functions which are pullbacks
from the submanifold N := {x˜µ = p˜µ = 0} ⊂ M, which is exactly the Courant 2-algebroid
N = T ∗[2]T [1]U . This corresponds to choosing a sub-2-algebroid which satisfies the strong
constraint and therefore this restriction reduces the pre-NQP-geometry to bare Generalized
Geometry on the manifold U . Any other solution of the strong constraint will correspond to a
viable choice of sub-2-algebroid.
We can also introduce tensors of the form HMNEM ⊗ EN on M and use the Poisson bracket
to define a natural notion of D- and C-bracket on tensors. This allows to define a notion of
generalized metric, curvature and torsion in analogy with Riemannian geometry.
An example of global pre-NQP manifold. It is well-known that higher geometry
is the natural framework for geometric T-duality, see the formalization by [BN15], [FSS17a],
[FSS17b], [FSS18a], [FSS18b] and [NW19]. Assume that we have two T n-bundle spacetimes
M
π−→ M0 and M˜ π˜−→ M0 over a common (d − n)-dimensional base manifold M0. A couple of
bundle gerbes G Π−→ M and G˜ Π˜−→ M˜ , formalizing two Kalb-Ramond fields respectively on M
and M˜ , are geometric T-dual if the following isomorphism exists
G ×M0 M˜ M ×M0 G˜
G M ×M0 M˜ P˜
M M˜
M0
∼=
T-duality
Ππ˜ πΠ˜
Π ππ˜ Π˜
π π˜
(2.6.13)
This picture is nothing but the finite version of T-duality between Courant algebroids illustrated
by [CG11]. Now, in [DS19] it is proposed that we should consider the fiber product of the pull-
back of both the gerbes G and G˜ to the correspondence space M ×M0 M˜ of the T-duality, which
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will be itself a gerbe of the form
Π⊗ Π˜ : G ⊗ G˜ −։ M ×M0 M˜. (2.6.14)
Now, as previously explained, we can take the algebroid of infinitesimal gauge transforma-
tions of this gerbe at
G⊗G˜ −։ M ×M0 M˜ and express it as a differential graded manifold(
T ∗[2]T [1](M ×M0 M˜), Q
)
with local coordinates (xµ, xI , eµ, eI , e¯µ, e¯I , pµ, pI) with indices µ =
1, . . . , d− n and I = 1, . . . , n. Now, as we explained for the local doubled space, we can change
coordinates to EI := (eI + ηIJ e¯J)/
√
2 and E¯I := (e¯I + ηIJeJ)/
√
2 and set E¯I = 0 to zero
so that we obtain a new differential graded manifold M. This new manifold will be locally
isomorphic to (T ∗[2]⊕ T [1])T 2n ⊕ T ∗[2]T [1]U on each patch U ⊂M0 of the base manifold, but
which is globally well-defined. In [DS19] this machinery is applied for fiber dimension n = 1 to
the particular case where M and M˜ are nilmanifolds on a common base torus M0 = T 2.
Further discussion. This is the first proposal to interpret strong constrained doubled vec-
tors as sections of the 2-algebroid of the local symmetries of a gerbe: the Courant 2-algebroid.
This suggests that it could be a complementary approach to the ones attempting to realize the
doubled space as a geometrization the bundle gerbe itself.
However there are still some open problems. The only non-trivial global case that was con-
structed in this framework was, as we saw, on the correspondence space M ×M0 M˜ equipped
with the pullback of both the gerbe G and its dual G˜ . But, for this construction, the cor-
respondence space of the T-duality is not derived from the pre-NQP manifold theory, but it
must be assumed and prepared by using the machinery of topological T-duality. Besides, the
total gerbe (2.6.14) has "repeated" information: for example, if we start from a gerbe Gi,j with
Dixmier-Douady number i on a nilmanifold with 1st Chern number j, its dual will be a gerbe
G˜j,i on a nilmanifold with inverted Dixmier-Douady and 1st Chern number. Now the total gerbe
Gi,j ⊗ G˜j,i contain each number twice: as 1st Chern number and as Dixmier-Douady number.
Moreover, in literature, a globally defined pre-NQP manifold was proposed only for the case of
geometric T-duality. Its extension to global general non-geometric cases could not be immediate.
2.7 Tensor hierarchies proposal
The idea of tensor hierarchy was introduced in [HS13] in the context of the dimensional reduction
of DFT, then further formalized in [HS19], [BH19a] and [BH19b] as a higher gauge structure.
See also work by [CP20a] and [CP20b].
Embedding tensor and Leibniz-Loday algebra. Let ρ : o(d, d) ⊗ R → R be the
fundamental representation of the Lie algebra o(d, d) of the Lie group O(d, d). The vector
space underlying the fundamental representation of O(d, d) is nothing but R ∼= R2d. Let us
use the notation x ⊗ Y 7→ ρxY ∈ R. The embedding tensor of DFT is defined as a linear map
Θ : X(R2d) →֒ C∞(R2d, o(d, d)) which satisfies the following compatibility condition, usually
called quadratic constraint :
[Θ(X),Θ(Y )] = Θ(ρΘ(X)Y ), (2.7.1)
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where [−,−] are the Lie bracket of the Lie algebra o(d, d). Concretely the embedding tensor
maps a vector field by XM 7→ (XM, ∂[MXN ]) ∈ C∞(R2d, o(d, d)). Now the embedding tensor
defines a natural action of X(R2d) on itself by
◦ : X(R2d)⊗ X(R2d) −→ X(R2d) (2.7.2)
(X,Y ) 7−→ X ◦ Y := ρΘ(X)Y. (2.7.3)
This is exactly the D-bracket of DFT. Thus the anti-symmetric part will be the C-bracket
1
2
(X ◦ Y − Y ◦X) = JX,Y KC. (2.7.4)
On the other hand the symmetric part of the D-bracket is given by X ◦ Y + Y ◦X = D〈X,Y 〉,
where D : C∞(R2d) −→ X(R2d) is defined by f 7→ ∂Mf and the metric is defined by the
contraction 〈X,Y 〉 := ηMNXMY N . Therefore the D-bracket can be expressed in terms of these
operators by
X ◦ Y = JX,Y KC + 1
2
D〈X,Y 〉 (2.7.5)
An interesting consequence is that the couple
(
X(R2n), ◦ ) is not a Lie algebra, since the D-
bracket is not anti-symmetric, but it is a Leibniz-Loday algebra, since it satisfies the Leibniz
property X ◦ (Y ◦ Z) = (X ◦ Y ) ◦ Z + Y ◦ (X ◦ Z) for any triple of vectors X,Y, Z ∈ X(R2n).
Now something remarkable happens: the Leibniz-Loday algebra
(
X(R2n), ◦ ) of infinitesimal
DFT gauge transformations naturally defines a Lie 2-algebra
(
D(R2n), ℓi
)
of infinitesimal DFT
gauge transformations. This is given by the underlying cochain complex
D(R2n) :=
(
C∞(R2n) D−−−→ X(R2n)
)
(2.7.6)
equipped with the following L∞-bracket structure:
ℓ1(f) = Df (2.7.7)
ℓ2(X,Y ) = JX,Y KC (2.7.8)
ℓ2(X, f) = 〈X,Df〉 (2.7.9)
ℓ3(X,Y, Z) = −1
2
〈JX,Y KC, Z〉+ cycl. (2.7.10)
for any f ∈ C∞(R2d) and X,Y, Z ∈ X(R2n). Now notice that the quadratic constraint, which
is the condition controlling the closure of the Leibniz bracket X ◦ Y , requires to impose an
additional constraint: this condition is nothing but the strong constraint. This makes the
underlying complex of sheaves reduce to the one of sections of the standard Courant 2-algebroid
Dsc(R
2n) =
(
C∞(Rn) d−−→ X(Rn)⊕ Ω1(Rd)
)
(2.7.11)
Hence if we want (X(R2n), ◦ ) to be a well-defined Leibniz-Loday algebra we need to restrict to
Generalized Geometry and the D-bracket ◦ must reduce to the Dorfman bracket of Generalized
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Geometry, not twisted by any flux. At the present time no ways to generalize this construction
beyond the strong constraint have been found.
Tensor hierarchies. Now that we have our well-defined L∞-algebra
(
D(R2n), ℓn
)
, we can
ask ourselves what happens if we use it to construct an higher gauge field theory on a (d − n)-
dimensional manifold M . The answer is that the theory resulting from this gauging process is
exactly a tensor hierarchy, which is supposed to describe DFT truncated at codimension n.
Luckily for our gauging purposes, there exists a well-defined notion of the tensor product of a
differential graded algebra with an L∞-algebra (see [JRSW19] for the formal definition). Thus
we can define the prestack of local tensor hierarchies Ω
(
U, D(R2n)
)
by the tensor product
of the differential graded algebra of the de Rham complex (Ω•(U), d) with the L∞-algebra(
D(R2n), ℓi
)
. In other words we define Ω
(
U, D(R2n)
)
:= Ω•(U)⊗D(R2n) for any contractible
open set U ⊂M . Its underlying complex of sheaves of this prestack will be
Ω
(
U, D(R2n)
)
= C∞(U × R2n)︸ ︷︷ ︸
degree 0
⊕
⊕
k>0
(
Ωk(U)⊗ C∞(R2n) ⊕ Ωk−1(U)⊗ X(R2n)︸ ︷︷ ︸
degree k
)
(2.7.12)
and the bracket structure is found by applying the definition by [JRSW19]. Explicitly, for any
elements Ap ∈ Ω•(U) ⊗ X(R2n) and Bp ∈ Ω•(U) ⊗ C∞(R2n), we have the following bracket
structure:
ℓ1(A+ B) = (dA+DB) + dB
ℓ2(A1,A2) = −JA1 ∧, A2KC
ℓ2(A1,B2) = 〈A ∧, DB〉
ℓ2(B1,B2) = 0
ℓ3(A1,A2,A3) = −1
2
〈JA1 ∧, A2KC ∧, A3〉+ cycl.
ℓ3(A1,A2,B3) = ℓ3(A1,B2,B3) = ℓ3(B1,B2,B3) = 0
(2.7.13)
where we introduced the following compact notation for D(R2n)-valued differential forms:
• J− ∧, −KC is a wedge product on Ω•(U) and a C-bracket on X(R2n),
• 〈− ∧, −〉 is a wedge product on Ω•(U) and a contraction 〈X,Y 〉 = ηIJXIY J on X(R2n).
The prestack Ω
(
U, D(R2n)
)
encodes the local fields of a tensor hierarchy on a local doubled
space of the form U × R2n with base manifold dim(U) = d − n. In our degree convention the
connection data of a tensor hierarchy is given by a degree 2 multiplet
AIµ ∈ Ω1(U)⊗ X(R2n)
Bµν ∈ Ω2(U)⊗ C∞(R2n)
(2.7.14)
while its curvature is given by the degree 3 multiplet
FIµν ∈ Ω2(U)⊗ X(R2n)
Hµνλ ∈ Ω3(U)⊗ C∞(R2n)
(2.7.15)
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Notice that all the fields of the hierarchy depend not just on the coordinates x of the base
manifold U , but also on the coordinates (y, y˜) of the vector space R2n. The curvature of the
tensor hierarchy can be expressed in terms of the connection, as it is found in [HS13], by
F = dA− JA ∧, AKC +DB
H = DB + 1
2
〈A ∧, dA〉 − 1
3!
〈A ∧, JA ∧, AKC〉
(2.7.16)
where we introduced the covariant derivative D := d−A◦∧ defined by the 1-form connection A,
which acts explicitly by DA = dA+JA ∧, AKC and DB = dB+〈A ∧, DB〉. Notice the characteristic
C-bracket Chern-Simons term in the expression of 3-form curvature. We will call CS3(A), so
we will be able to write the curvature of the tensor hierarchy in a compact fashion:
F = DA+DB
H = DB + 1
2
CS3(A)
(2.7.17)
By calculating the differential of the field curvature multiplet, this immediately gives the Bianchi
identities of the tensor hierarchy:
DF +DH = 0
DH− 1
2
〈F ∧, F〉 = 0
∈ Ω3(U)⊗ X(R2n)
∈ Ω4(U)⊗ C∞(R2n)
(2.7.18)
The infinitesimal gauge transformations of a tensor hierarchy are given by degree 1 multiplets
λI ∈ C∞(U)⊗ X(R2n)
Ξµ ∈ Ω1(U)⊗ C∞(R2n)
(2.7.19)
so that
A 7−→ A+Dλ+DΞ
B 7−→ B +DΞ − 〈λ,F〉
(2.7.20)
where the covariant derivative explicitly acts as Dλ = dλ+ JA, λKC and DΞ = dΞ+ 〈A ∧, DΞ〉.
Notice the extraordinary similarity of these equations to the ones defining a principal String-
bundle. (This similarity will be discussed in section 5).
Recovering doubled torus bundles. Notice that, in the particular case of a tensor
hierarchy where all the fields do not depend on the internal space R2n, the field equations
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reduce to the familiar equations of a doubled torus bundle, i.e.
F = dA ∈ Ω2cl(U,R2n)
H = dB + 1
2
〈A ∧, dA〉 ∈ Ω3cl(U)
(2.7.21)
which is exactly the curvature of the String(T n × T n)-bundle raising in the case of a globally
geometric T-duality, as explained in [Alf20]. Also the gauge transformations reduce to
AI 7→ AI + dλI
B 7→ B + dΞ− 〈λ,F〉
(2.7.22)
The local field F ∈ Ω2cl(U,R2n) can thus be globalized to the curvature of a doubled torus bundle
with 1st Chern class [F ] ∈ H2(M,Z2n). At this point topological T-duality is immediately
encompassed by the O(n, n;Z)-rotation [F˜ ]I := ηIJ [F ]J of the 1st Chern class of the doubled
torus bundle.
This particular example of tensor hierarchy allows a globalization to a principal 2-bundle with
gauge 2-group String(T n × T n). Moreover, if we forget the higher form field, we stay with a
well-defined T 2n-bundle on the (d−n)-dimensional base manifoldM . This leads to the question
about how to geometrically globalize and interpret general tensor hierarchies.
Further discussion: the doubled space as a higher object. This proposal is the
first to understand that the doubled connections AIµ, which we have also for the doubled torus
bundles, are just a part of the full connection of the prestack Ω(−,D(R2n)) including also Bµν .
Thus the doubled space is intrinsically a higher geometric object.
Further discussion: what global picture? In [BH19a] it was proposed that the global
higher gauge theory of tensor hierarchies on a (d − n)-dimensional manifold M should consist
in the L∞-algebra of D(R2n)-valued differential forms on M , i.e. the L∞-algebra we called
Ω
(
M, D(R2n)
)
in our notation. However this must be taken as a local statement, since we
know that gauge and p-form fields are not generally global differential forms on M , unless their
underlying principal bundles are topologically trivial. Exactly like gauge fields, the global stack
of tensor hierarchies must be instead given by the stackification of the prestack of local tensor
hierarchies Ω
(−, D(R2n)). For a formal definition of stackification see [Lur06]. This is true, at
least, if we want to formalize tensor hierarchies as higher gauge theories. (In section 5 we will
discuss a different perspective).
Let us thus define the stack of DFT tensor hierarchies TH (−) as stackification of the prestack
Ω(−,D(R2n)) of local tensor hierarchies. By construction this means that on any set U ⊂ M
of a good cover of our (d− n)-dimensional manifold M we will have the isomorphism
TH (U) ∼= Ω(U, D(R2n)), (2.7.23)
This conveys the intuition that TH (−) is a globalization of Ω(−,D(R2n)), but not necessarily
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a topologically-trivial one. By construction TH (−) maps any (d−n)-dimensional smooth man-
ifold M to the 2-groupoid TH (M) whose objects are tensor hierarchies and whose morphisms
are gauge transformations of tensor hierarchies on M .
In more concrete terms a global tensor hierarchy, which is an object of the 2-groupoid TH (M),
can be expressed in a local trivialization by a Čech cocycle. Given any good cover {Uα} for the
(d− n)-dimensional manifold M , such a cocycle will be of the form
(FI(α), H, AI(α), B(α), λI(αβ), Ξ(αβ), g(αβγ)) ∈ TH (M) (2.7.24)
where the fields are of the following differential forms:
FI(α)µµ ∈ Ω2(Uα)⊗ X(R2n)
Hµνλ ∈ Ω3(M)⊗ C∞(R2n)
AI(α)µ ∈ Ω1(Uα)⊗ X(R2n)
B(α)µν ∈ Ω2(Uα)⊗ C∞(R2n)
λI(αβ) ∈ C∞(Uα ∩ Uβ)⊗ X(R2n)
Ξ(αβ)µ ∈ Ω1(Uα ∩ Uβ)⊗ C∞(R2n)
g(αβγ) ∈ C∞(Uα ∩ Uβ ∩ Uγ × R2n)
(2.7.25)
and they are glued on two-fold, three-fold and four-fold overlap of patches as it follows:
F(α) = DA(α) +DB(α)
H = DB(α) + 1
2
CS3(A(α))
A(α) = e−λ(αβ)(A(β) + d)eλ(αβ) +DΞ(αβ)
B(α) − B(β) = DΞ(αβ) − 〈λ(αβ),F(α)〉
eλ(αβ)eλ(βγ)eλ(γα) = eDg(αβγ)
Ξ(αβ) + Ξ(βγ) + Ξ(γα) = dg(αβγ)
g(αβγ) − g(βγδ) + g(γδα) − g(δαβ) ∈ 2πZ
(2.7.26)
where the covariant derivatives are D = d −A(α) ◦ ∧. Notice the similarity, at least locally, of
the potential A(α) ∈ Ω1
(
Uα × R2n, Uα × TR2n
)
with the non-principal connection defined for
instance in [KSM93, pag. 77] for a general bundle.
In section 5 we discuss the possibility of a more general definition of global tensor hierarchy,
which can be obtained by directly dimensionally reducing the bundle gerbe and not as a higher
gauge theory.
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Further discussion. However, if we accept that the global picture of tensor hierarchies is
a higher gauge algebra, we would still have some open questions. From [HS13] we know that
a tensor hierarchy is supposed to be a split version of DFT with a (d − n)-dimensional base
manifoldM and 2n-dimensional fibers for an arbitrary n. But since tensor hierarchies are higher
gauge theories, this hints that the full 2d-dimensional doubled space should carry a bundle gerbe
structure. Such structure, as we have seen for previous proposals, still needs to be clarified.
2.8 Born Geometry
The first proposal of interpretation of DFT geometry as para-Kähler manifold is developed
by [Vai12] and then generalized to para-Hermitian manifolds by [Vai13]. These ideas were further
elaborated by [FRS17], [Svo18], [MS18], [FRS19], [MS19] and [Svo20]. This proposal sees the
doubled space as a 2d-dimensional smooth manifold, whose tangent bundle is canonically split
in two rank d lagrangian subbundles. The fluxes of DFT are then interpreted as the obstruction
for the integrability of this structure.
Doubled space as an almost para-Hermitian manifold. An almost para-complex
manifold (M,K) is a 2d-dimensional manifold which is equipped with a (1, 1)-tensor field K ∈
End(TM) such that K2 = idTM, called almost para-complex structure, and such that the ±1-
eigenbundles L± ⊂ TM of K have both rank(L±) = d. Thus, since the para-complex structure
defines a splitting TM = L+⊕L−, the structure group of the tangent bundle TM of the almost
para-complex manifold is GL(d,R)×GL(d,R).
The almost para-complex structureK is said to be ±-integrable if L± is closed under Lie bracket,
i.e. if it satisfies the property
[
Γ(M, L±), Γ(M, L±)
]
Lie
⊆ Γ(M, L±) (2.8.1)
The ±-integrability of K implies that there exists a foliation F± on the manifold M such that
L± = TF±. An almost para-complex manifold (M,K) is a proper para-complex manifold if
and only if K is both +-integrable and −-integrable at the same time.
Our almost para-complex manifold (M,K) becomes an almost para-Hermitian manifold if we
equip it with a metric η ∈⊙2 T ∗M of Lorentzian signature (d, d) which is compatible with the
almost para-complex structure by
η(K−,K−) = −η(−,−). (2.8.2)
Now we have a natural 2-form which is defined by ω(−,−) := η(K−,−) ∈ Ω2(M), called
fundamental 2-form. Notice that the subbundles L± are both maximal isotropic subbundles
respect to η and Lagrangian subbundles respect to ω. An almost para-Hermitian manifold
(M,K, η) becomes a para-Kähler manifold if the fundamental 2-form is closed, i.e. dω = 0.
The closed 3-form K ∈ Ω3cl(M) defined by K := dω is interpreted as encoding the fluxes of DFT.
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Born Geometry. A Born Geometry is the datum of an almost para-Hermitian manifold
(M,K, η) equipped with a Riemannian metric G ∈⊙2 T ∗M which is compatible with both the
metric η and the fundamental 2-form ω by
η−1G = G−1η and ω−1G = −G−1ω. (2.8.3)
This Riemannian metric must be identified with the generalized metric of DFT.
Generalized T-dualities. The generalized diffeomorphisms of DFT are now identified with
diffeomorphisms of M preserving the metric η, i.e isometries Iso(M, η). Notice that the push-
forward of a generalized diffeomorphism f ∈ Iso(M, η) is nothing but an O(d, d)-valued function
f∗ ∈ C∞(M, O(d, d)), as expected. This group of symmetries can be further extended to the
the group of generalized T-dualities, which are general bundle automorphisms of TM preserving
the metric η.
A generalized T-duality f ∈ Aut(TM) induces a morphism of Born geometries on M by
(M, K, η, G) 7−→ (M, f ◦K ◦ f−1, η, f∗G), (2.8.4)
which implies also the transformation ω 7→ f∗ω of the fundamental 2-form.
Particularly interesting is the case of b-transformations which we can see as a bundle morphisms
eb : TM → TM covering the identity idM of the base manifold. K 7→ K + b. Therefore a
b-transformation maps the splitting TM = L+ ⊕ L− to a new one TM = Lb+ ⊕ L− which
preserves L−, but does not preserve L+ and +-integrability. This also implies ω 7→ ω + 2b.
Further discussion. We can notice that Born Geometry is not (at least immediately)
related to bundle gerbes, even if theory of foliations is closely related to higher structures as seen
by [Vit14]. In the next subsection we will mostly discuss the relation between Born Geometry
and the bundle gerbe of the Kalb-Ramond field, trying to clarify it.
2.9 Can DFT actually recover bosonic supergravity?
Recovering physical spacetime. We will now try to recover a general bosonic string
background, consisting in a pseudo-Riemannian manifold (M, g) equipped with a non-trivial
H-flux [H ] ∈ H3(M,Z), from Born Geometry as prescribed by [MS19] and [Svo20].
Let us start from the almost para-Hermitian manifold (M,K, η). The para-complex structure
K splits the tangent bundle TM = L+ ⊕L− where L± are its ±1-eigenbundles. Since we want
to recover a conventional supergravity background let us firstly assume that L− is integrable
(physically this corresponds to set the R-flux to zero, see [MS19]). This implies that there exists
a foliation F− of M such that L− = TF−. Secondly, since we want to recover a conventional
supergravity background, let us require that the leaf space M := M/F− of this foliation is
a smooth manifold. Indeed, according to [MS19] and [Svo20], physical spacetime must be
identified with the leaf space M . Thus the foliation F− is simple and the canonical quotient
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map π :M։M =M/F− is a surjective submersion, making M a fibered manifold.
Now we can use adapted (or fibered) coordinates (x(α), x˜(α)) on each patch Uα of a good cover
of the manifold M = ⋃α Uα. Thus there exist a frame {Zµ, Z˜µ} and a dual coframe {eµ, e˜µ},
given on local patches Uα as follows
Z(α)µ =
∂
∂xµ(α)
+N(α)µν
∂
∂x˜(α)ν
, Z˜µ(α) =
∂
∂x˜(α)µ
eµ(α) = dx
µ
(α), e˜(α)µ = dx˜(α)µ +N(α)µνdx
ν
(α)
(2.9.1)
such that they diagonalize the tensorK and such that {Zµ} is a local completion of the holonomic
frame for Γ(L−). Notice that the N(α)µν ∈ C∞(Uα) are local functions. In this frame we can
express the global O(d, d)-metric η = ηµν e˜µ ⊙ eν and the fundamental 2-form ω = ηµν e˜µ ∧ eν . In
local coordinates (x(α), x˜(α)) the latter can be written on each patch Uα as
ω|Uα = ηµνdx˜µ(α) ∧ dxν(α) + ηµνN(α)µλdxλ(α) ∧ dxν(α) (2.9.2)
Now, by following [MS19], we can define a local 2-form B(α) ∈ Ω2(Uα) by the second term of
the 2-form ω|Uα , i.e.
B(α) := η
µ
νN(α)µλdx
λ
(α) ∧ dxν(α). (2.9.3)
Now we must ask: what is the condition to make the local 2-form B(α) on Uα descend to a
proper local 2-form on the leaf space M = M/F− (which is the physical spacetime)? By
following [MS19] we can impose the condition that N(α)µλ are basic functions, i.e.
LX−N(α)µλ = 0 ∀X− ∈ Γ(L−), (2.9.4)
which assures exactly this. In local coordinates on Uα this condition can be rewritten as
∂N(α)µν
∂x˜(α)λ
= 0 (2.9.5)
which is solved by N(α)µν = N(α)µν
(
x(α)
)
, i.e. by asking that the N(α)µν are local functions
only of the x(α)-coordinates on each patch Uα. Therefore, if our local 2-form is of the form
B(α) = B(α)µν
(
x(α)
)
dxµ(α) ∧ dxν(α) it will descend to a local 2-form π∗B(α) ∈ Ω2(Uα) on M .
Papadopoulos’ puzzle revised. In the adapted (or fibered) coordinates the transition
functions of M on two-fold overlaps of patches Uα ∩ Uβ will have the simple following form:
x(α) = f(αβ)
(
x(β)
)
, x˜(α) = f˜(αβ)
(
x(β), x˜(β)
)
. (2.9.6)
An adapted atlas will be also provided with the property that the sets Uα := π(Uα), where
π :M։M =M/F− is the quotient map, are patches of the leaf spaceM with local coordinates
(q(α)) defined by the equation x
µ
(α) = q
µ
(α) ◦π. These charts (Uα, q(α)) are uniquely defined. The
local 2-form B(α) will then descend to the local 2-form π∗B(α) = B(α)µν
(
q(α)
)
dqµ(α) ∧ dqν(α).
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Since ω ∈ Ω2(M) is a global 2-form, on each two-fold overlap of patches Uα ∩ Uβ we have
dx˜µ(α) ∧ dxµ +B(α) = dx˜µ(β) ∧ dxµ +B(β), (2.9.7)
where we suppressed the patch indices on the 1-forms {dxµ}: this is because {eµ} are global
1-forms on M and thus we can slightly abuse the notation by calling eµ ≡ dxµ. Thus we have
(dx˜(α)µ − dx˜(β)µ) ∧ dxµ = B(β) −B(α). (2.9.8)
Since the local 2-forms B(α) descend to local 2-forms on patches Uα ⊂ M =M/F− of the leaf
space and these, according to [MS19] and [Svo20], must be physically identified with the local
data of the Kalb-Ramond Field, we must have bundle gerbe local data of the following form:
π∗B(β) − π∗B(α) = dΛ(αβ) on Uα ∩ Uβ
Λ(αβ) + Λ(βγ) + Λ(γα) = dG(αβγ) on Uα ∩ Uβ ∩ Uγ
G(αβγ) +G(βαδ) +G(γβδ) +G(δαγ) ∈ 2πZ on Uα ∩ Uβ ∩ Uγ ∩ Uδ.
(2.9.9)
Now, from the patching relations (2.9.6) of the adapted coordinates we obtain
dx˜(α)µ =
∂f˜(αβ)µ
∂xν(β)
dxν(β) +
∂f˜(αβ)µ
∂x˜(β)ν
dx˜(β)ν (2.9.10)
This, combined with (2.9.8) and (2.9.9), implies the following equations
∂f˜(αβ)µ
∂x˜(β)ν
= δ νµ ,
∂f˜(αβ)µ
∂xν(β)
=
(
dΛ(αβ)
)
µν (2.9.11)
We can immediately solve the first equation by decomposing f˜(αβ)
(
x(β), x˜(β)
)
= x˜(β)+f˜
′
(αβ)(x(β)),
where f˜ ′(αβ)(x(β)) is a new basic function of the x(β)-coordinates only. Now the second equation
is equivalent to the new equation d(f˜ ′(αβ)µdx
µ) = −dΛ(αβ) on Uα ∩ Uβ, which is solved by
f˜ ′(αβ)µdx
µ = −Λ(αβ)µdxµ + dη(αβ) (2.9.12)
where dη(αβ) ∈ π∗Ω1ex(Uα∩Uβ) are local exact basic 1-forms on overlaps of patches. The cocycle
condition for transition functions of a manifold on three-fold overlaps of patches implies then
d(η(αβ) + η(βγ) + η(γα)) = Λ(αβ) + Λ(βγ) + Λ(γα). (2.9.13)
Since Λ(αβ) + Λ(βγ) + Λ(γα) = dGαβγ from (2.9.9), then we must have the trivialization
G(αβγ) =
(
η(αβ) + η(βγ) + η(γα)
)
+ c(αβγ) (2.9.14)
where c(αβγ) ∈ R are local constants which must satisfy the following cocycle condition
c(αβγ) + c(βαδ) + c(γβδ) + c(δαγ) ∈ 2πZ (2.9.15)
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on each four-fold overlaps of patches of the leaf space.
This implies that the gerbe (π∗B(α),Λ(αβ), G(αβγ)) on our physical spacetime M = M/F−
is flat, i.e. that the curvature of the Kalb-Ramond field H ∈ Ω3ex(M) is exact and that the
topological Dixmier-Douady class [H ] ∈ H3(M,Z) of the gerbe is torsion. To see this, it is
enough to check that the equation (2.9.13) implies that Λ(αβ) = dη(αβ) + τ(α) − τ(β) for some
local 1-forms τ(α) ∈ Ω1(Uα). But this implies that π∗B(α)−π∗B(β) = τ(β)−τ(α) so that, in other
words, there exist a global 2-form on the leaf spaceM =M/F− given by gauge transformations
of the Kalb-Ramond field and expressed on overlaps of patches by
π∗B(α) + dτ(α) = π∗B(β) + dτ(β). (2.9.16)
If we call B′|Uα := π∗B(α) + dτ(α) the gauge transformed Kalb-Ramond field, we immediately
see that it satisfies H = dB′ globally on M = M/F−. Therefore in the de Rham cohomology
we have the class [H ] = 0 ∈ H3dR(M), which is mapped to a torsion element of the integral
cohomology H3(M,Z). In this context the constants c(αβγ) are interpreted as a representative
of the flat holonomy class [c(αβγ)] ∈ H2(M,R/2πZ) of the flat bundle gerbe.
Open problem. Therefore it does not seem possible to recover a general geometric string
background made of a smooth manifold M equipped with a non-trivial Kalb-Ramond field
[H ] ∈ H3(M,Z). And, since DFT was introduced to extend supergravity, the impossibility of
recovering supergravity poses a problem. This means that the original argument by [Pap14] is
still relevant whenever we try to construct the doubled space as a manifold.
However, as we will see, Born geometry is still extremely efficient in dealing with doubled group
manifold and, in particular, Drinfel’d doubles. These groups, where fluxes are constant, allow
a simple geometrization of the gerbe with a group manifold which is not possible in the general
case. Notice that a link between Drinfel’d doubles and bundle gerbes was firstly found by [Wil08].
Higher Kaluza-Klein perspective on the problem. The Higher Kaluza-Klein pro-
posal is an attempt to attack this problem and allow the geometrization of general bundle
gerbes. In the Higher Kaluza-Klein perspective the doubled space would be identified with the
total space of a gerbe M ։ M . Thus the quotient π : M։ M =M/F− is reinterpreted as a
local version of the projector of the gerbe as a principal ∞-bundle, i.e.
pi : M −։ M ≃M//BU(1) (2.9.17)
which is the higher geometric version of the statement π : P ։M ∼= P/G for any G-bundle P .
See the next section for an introduction.
3 Introduction to Higher Kaluza-Klein Theory
In this section we will give a very brief introduction to the Higher Kaluza-Klein perspective on
the geometry of DFT we started to develop in [Alf20].
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3.1 The doubled space as a bundle gerbe
In the Higher Kaluza-Klein proposal (see [Alf20] for details) the doubled space of DFT is iden-
tified with the total space of a bundle gerbe with connection. In this section we will mostly
describe the geometry of the bundle gerbe. Let us now give a concrete geometric characterization
to the concept of bundle gerbe.
The bundle gerbe. Let {Uα} be a cover for a smooth manifold M . We define (see [Hit01]
for details) a bundle gerbe pi :M−։M on the base manifoldM by a collection of circle bundles
{Pαβ ։ Uα ∩ Uβ} on each overlap of patches Uα ∩ Uβ ⊂M such that:
• there exists an isomorphism Pαβ ∼= P−1βα on any two-fold overlap of patches Uα ∩ Uβ,
• there exists an isomorphism Pαβ ⊗ Pβγ ∼= Pαγ on any three-fold overlap of patches Uα ∩
Uβ ∩ Uγ given by the gauge transformation G(αβγ) ∈ C∞(Uα ∩ Uβ ∩ Uγ),
• the trivialization satisfies G(αβγ)−G(βγδ)−G(γδα)+G(δαβ) ∈ 2πZ on any four-fold overlaps
of patches Uα ∩ Uβ ∩ Uγ ∩ Uδ.
where for a given circle bundle P we denote with P−1 the circle bundle with opposite 1st Chern
class, i.e. with c1(P−1) = −c1(P ).
Notice that the trivialization we introduced defines a Čech cocycle corresponding to an element[
G(αβγ)
] ∈ H3(M,Z) of the 3rd cohomology group of the base manifoldM . Thus bundle gerbes
are topologically classified by classes [H ] ∈ H3(M,Z), which physically correspond to the H-flux.
More recently, in [NSS15], the bundle gerbe has been reformulated as a principal ∞-bundle,
where the gauge 2-group is G = BU(1), i.e. the group-stack of circle bundles. To see that the
set of circle bundles on any manifold M carries a group-stack structure, notice that we have the
isomorphisms
P−1 ⊗ P ∼= M × U(1), P ⊗ P−1 ∼=M × U(1),
P1 ⊗ (P2 ⊗ P3) ∼= (P1 ⊗ P2)⊗ P3
(3.1.1)
where thus the tensor product ⊗ plays the role of the group multiplication, while the trivial
bundle M × U(1) plays the role of the identity element and P−1 plays the role of the inverse
element of P .
Automorphisms of the bundle gerbe. As seen also in [Bun20], the 2-group of symme-
tries of a bundle gerbe M։M is
Aut(M) = Diff(M) ⋉ U(1)-Bundles(M) (3.1.2)
where U(1)-Bundles(M) is the 2-group of U(1)-bundles with connection on M . Notice that this
is nothing but the higher geometric version of the gauge group GDFT = Diff(M)⋉ Ω2cl(M) of
DFT proposed by [Hul15] in (2.4.1). In fact, the natural map U(1)-Bundles(M) → Ω2cl(M) is
just the curvature map sending a U(1)-bundle to its curvature b ∈ Ω2cl(M).
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Sections of the bundle gerbe. Let us fix a good cover {Uα} of M . A section of the
bundle gerbeM։M is given by a collection of sections (x, exp iφ(αβ)) : Uα ∩Uβ → Pαβ of the
local circle bundles on two-fold overlaps of patches, which must satisfy at any x ∈ Uα ∩Uβ ∩Uγ
φ(αγ) = φ(αβ) + φ(βγ) +G(αβγ)(x) mod 2πZ. (3.1.3)
In [NSS15] it was understood that the sections of a bundle gerbe are equivalently twisted U(1)-
bundles. Then the local connection data of the twisted bundle can be expressed by local 1-forms
patched by x˜(α)−x˜(β) = −Λ(αβ)+dφ(αβ). Then locally on each patch, a section of the connective
bundle gerbe looks like a section of T ∗Uα, which is a property expected by the doubled space.
Geometric strong constraint. The bundle gerbeM։M , being a particular example of
principal∞-bundle, will come equipped with a natural principal action. Crucially, the principal
action ρ : BU(1) ×M → M reproduces exactly the 2-group of gauge transformations and
gauge-of-gauge transformations of the Kalb-Ramond field. Moreover the homotopy quotient of
the bundle gerbe by the principal action
M ≃ M//ρBU(1) (3.1.4)
is just the base manifold. This is totally analogous to an ordinary U(1)-bundle P ։M satisfying
P/U(1) ∼= M . In [Alf20] we show that we can define a generalized metric as a principal action-
invariant structure on our bundle gerbe (see also section 4 for more details).
NS5-brane as Higher Kaluza-Klein monopole. The Kalb-Ramond field of an NS5-
brane is modelled by a bundle gerbe on the smooth manifold R1,5×(R4 − {0}) ≃ R1,5×R+×S3
which is non-trivial only on the transverse space R+×S3. The transverse space is topologically
equivalent to the 3-sphere S3 and the third cohomology group of the 3-sphere is H3(S3,Z) ∼= Z.
Thus bundle gerbes on the 3-spheres will be classified by elements [mVol(S3)/2] ∈ H3(S3,Z)
with H-charge m ∈ Z and where Vol(S3) ∈ Ω3(S3) is the volume form on S3.
We can explicitly construct a bundle gerbe M ։ S3 on the 3-sphere as it follows. Let us
consider a cover {UN, US} for S3 where the two open sets are open neighbourhoods of the north
and south hemispheres. Their intersection can be retracted to a 2-sphere S2 and then we can
choose a circle bundle PNS ։ S2 with 1st Chern class m ∈ Z, making it a Lens space.
In [Alf20] we showed that, on a gerbe M ։ R1,5 × R+ × S3 classified by [mVol(S3)/2] ∈
H3(S3,Z), there is a natural generalized metric which encompasses the metric and Kalb-Ramond
field of an NS5-brane with H-charge m ∈ Z. This is a direct generalization of the Gross-Perry
monopole in ordinary Kaluza-Klein Theory.
3.2 Doubled geometry from reduction of bundle gerbes
We will use this subsection for a a deeper discussion of generalized correspondence spaces and
of how they emerge from the bundle gerbe picture.
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Correspondence space from reduction of the gerbe. In [Alf20] we applied to DFT
the dimensional reduction of bundle gerbes, which was defined in terms of L∞-algebras by
[FSS17b]. The statement is that, if M is the total space of a G-bundle on some base manifold
M0, the dimensional reduction of a bundle gerbeM onM specified by the cocycleM → B2U(1)
will be a certain higher geometric structure on M0. More in detail, the dimensional reduction
will be a map
(
M B2U(1)
)
∼=7−→

[
G,B2U(1)
]
/G
M0 BG
 (3.2.1)
where M0 → BG is the cocycle which specifies the G-bundle M ։M0. The stack [G,−]/G is a
generalization for stacks of the cyclic loop space: in fact in the particular case where G = U(1)
and N is a smooth manifold, this reduces to the space [U(1), N ]/U(1) = C∞(N, S1)/S1.
Crucially, a particular example of this reduction is well-known in DFT since the work by [Hul07a]
and by [BHM07]. In fact, if we consider the particular example of a T n-equivariant gerbe on a
T n-bundle, we automatically have that it dimensionally reduce as follows:(
T n-equivariant gerbe on M
)
∼=7−→
(
String(T n × T˜ n)-bundle on M0
)
. (3.2.2)
In fact a String(T n × T˜ n)-bundle on M0 is a particular principal ∞-bundle with the following
curvature forms (see [Alf20] for details):
F = dA(α) ∈ Ω2(M0, R2n),
H = dB(α) + 1
2
〈A(α) ∧, dA(α)〉 ∈ Ω3(M0),
(3.2.3)
which are the usual equations of doubled torus bundles we find in [Hul07a]. Notice that, indeed,
if we forget the higher form field, we stay with a T 2n-bundle on M0, which is exactly the
correspondence space of a T-duality. In other words K = M ×M0 M˜ and we have a diagram of
the form
K
T n M M˜ T n
M0
π
(3.2.4)
where the 1st Chern class of the new T n-bundle M˜ ։ M0 is the pullback of the curvature of
the gerbe along π, i.e. it is c1(M˜) =
[
π∗H
] ∈ H2(M,Zn). Now a topological T-duality in the
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i-th direction of the fiber exchanges the 1st Chern classes of the two bundles:
c1(M˜)i c1(M)
iTi (3.2.5)
Now we can ask ourselves: what is the most general doubled geometry that we can obtain by
reduction of bundle gerbes? We will deal with this question in the rest of this subsection.
Topology and non-geometry: the generalized correspondence space. As firstly
noticed by [BHM07], a bundle gerbe M ։ M which satisfies the T-dualizability condition
L∂iH = 0 gives rise to a well-defined T n-bundle K ։M . Thus we obtain the following diagram
T˜ n K
T n M
M0
π
(3.2.6)
NowK is called generalized correspondence space and it can be interpreted as the correspondence
space for a non-geometric T-duality, i.e. the case where the T-dual background is non-geometric
and hence a T-fold. We can then write
K
T n M T-fold
M0
π
(3.2.7)
where the dotted arrows only indicative ones, in this context. For a proper formalization of the
concept of T-fold as a non-commutative T n-bundle on M0 see [BP09] and more recently [AS20].
Notice that, on any patch Uα of the base manifold M0, the generalized correspondence space
is locally T 2n-bundle K|Uα ∼= Uα × T 2n. The difference of the non-geometric case with the
geometric case is in how these patches are globalized. Therefore non-geometry is a global
property of the topology of K or, equivalently, of the topology of M.
The generalized correspondence space of Poisson-Lie T-duality. In [Alf20] we
derived that something very similar happens for non-abelian T-duality and more generally for
Poisson-Lie T-duality. A bundle gerbe M ։ M on a G-bundle which satisfies the Poisson-Lie
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T-dualizability condition we get a generalized correspondence space of the form
G˜ K
G M
M0
π
(3.2.8)
where G˜ is the Poisson-Lie T-dual fiber of the starting group G. See [Alf20] for more details.
4 The atlas of Higher Kaluza-Klein Theory
The aim of this section is finding an answer to the following question: if the doubled space M
is not a smooth manifold, but a bundle gerbe, then how can we define local coordinates?
We will also show that the natural notion of local coordinates for the bundle gerbe coincides with
the notion of local coordinates for DFT.
We will need first to investigate what gluing charts means in theoretical physics. The notions
we are going to use were introduced in String Theory by [FSS18a], [FSS19] and [FSS20]1.
4.1 Review: atlases in higher geometry
For a geometric stack G an atlas is a smooth manifold U equipped with a morphism of stacks
φ : U −։ G (4.1.1)
which is, in particular, an effective epimorphism (see [Hei05] and [Lur06] for details). This
formalizes the idea that any geometric stack G looks locally like an ordinary manifold U .
Example: atlas for a smooth manifold. If our geometric stack is an ordinary smooth
manifold G := M , we can choose an atlas given by U := ⊔α∈I Rd and by a surjective map
φ :
⊔
α∈I R
d {φα}α∈I−−−−−−−→ M given by the local charts {φα : Rd ։ Uα}α∈I of any cover {U}α∈I
of the manifold M . This formalizes the intuitive idea that any smooth manifold looks locally
like a Cartesian space Rd.
We physicists, in fact, work not directly on a manifold M , but on local charts of the form Rd.
Example: atlas for ordinary Kaluza-Klein. In ordinary Kaluza-Klein Theory the
space to consider is a circle bundle P on the base manifoldM . On an open cover {Uα}α∈I of the
base manifoldM this is locally trivialized by a collection of local trivial bundles {Uα×U(1)}α∈I .
1The author thanks Urs Schreiber for explaining the notion of atlas of a stacks and, in particular, how it was
firstly applied in the context of Super-Exceptional Geometry by [FSS18a] and [FSS19]. We will try here to apply the
definition to a simpler bundle gerbe and we will focus more on its global aspects.
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From ordinary differential geometry we know that the total space P of the bundle can be covered
by local charts {φα : Rd+1 ։ Uα × U(1) ⊂ P}α∈I . These charts define an atlas for the total
space of the bundle P of the form
⊔
α∈I R
d+1 {φα}α∈I−−−−−−−→ P . This corresponds to the well-known
idea in differential geometry that the total space P locally looks like a Cartesian space Rd+1.
Any such map φα uniquely factorizes as φα : R1,d+1
F−−→ R1,d × U(1) ϕα−−−→ Uα × U(1), where
the first map is just the surjection
F : Rd+1 −։ Rd × U(1) (4.1.2)
which is the identity on R1,d and the quotient map R ։ U(1) = R/2πZ. Crucially, the map F
is an atlas of ordinary Lie groups.
The surjective map
⊔
α∈I R
d×U(1) {ϕα}α∈I−−−−−−−−→ P is an atlas for the total space P , in the stacky
sense of the word. This corresponds to the intuitive idea that the total space of a circle bundle
locally looks like the Lie group Rd × U(1).
The Čech nerve of an atlas. When we defined the atlas φ : U −։ G for the stack G ,
we said that it must be an effective epimorphism. An effective epimorphism is defined as the
colimit of a certain simplicial object which is called Čech nerve. In other words we have(
U Gφ
)
= lim−→
(
· · · U ×G U ×G U U ×G U U
)
(4.1.3)
The Čech nerve of an atlas can be interpreted as a∞-groupoid, which we will call Čech groupoid.
This groupoid encodes the global geometry of the stack in terms of the smooth manifold U , which
makes it easier to deal with. Besides the original stack can always be recovered by the colimit
of the nerve.
How do we construct such a simplicial object? Let us firstly consider the kernel pair of the map
φ, which is defined as the pullback (in the category theory meaning) of two copies of the map
φ. The coequalizer diagram of this kernel pair will thus be of the following form:
U ×G U U Gφ (4.1.4)
This was the first step. By iterating this construction we obtain all the rest of the Čech nerve.
Example: Čech nerve of the atlas of a smooth manifold. Let us consider, like
in the first example, the case where our stack G = M is just a smooth manifold with an atlas⊔
α∈I R
d {φα}α∈I−−−−−−−→M . In this case the kernel pair, defined in (4.1.4), is the following:
⊔
α,β∈I
R
d ∩φ Rd
⊔
α∈I
R
d M
{φα}α∈I (4.1.5)
where we called Rd ∩φ Rd :=
{
(x, y) ∈ Rd × Rd|φα(x) = φβ(y)
}
. We notice that the kernel
pair of the atlas encodes nothing but the information about how the charts are glued together
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over the manifold M . We intuitively have that the global geometry of a smooth manifold M is
entirely encoded in its Čech groupoid
( ⊔
α,β∈I R
d ∩φ Rd
⊔
α∈I R
d
)
.
We physicists are actually very familiar with this perspective: in fact we usually describe our
fields as functions on the local charts Rd of a manifold M and, if we want to describe how they
behave globally, we simply write how they transform on the overlaps Rd ∩φ Rd of these charts.
In the next paragraph we will formalize exactly this perspective on fields.
Gluing a field on a stack. Let U φ−−→ G be an atlas for the stack G and let F be another
stack, which we will interpret as the moduli-stack of some physical field. Now let A : G → F be
a morphism of stacks (i.e. a physical field on G ). We obtain an induced morphism A◦φ : U → F
together with an isomorphism between the two induced morphisms U ×G U F which
satisfies the cocycle condition on U ×G U ×G U .
Example: gluing a gauge field on a smooth manifold. Let
⊔
α∈I R
d {φα}α∈I−−−−−−→M
be an atlas for the smooth manifold M and let F := BGconn be the moduli-stack of Yang-Mills
fields with gauge group G. Then a gauge field A :M → BGconn on the smooth manifold induces
a local 1-form A(α) := A ◦ φα ∈ Ω1(Rd, g) on each chart of the atlas. Notice that these 1-forms
A(α)(x) depends on local coordinates x ∈ Rd, like we physicists are used. On overlaps of charts
we must also have an isomorphism between A(α) and A(β) given by a gauge transformation
A(α) = h
−1
(αβ)(A(β) + d)h(αβ) with h(αβ) ∈ C∞(Rd ∩φ Rd, G). Again, these h(αβ)(x) are not
G-valued functions directly on the manifold, but on the atlas. Finally, these isomorphisms must
satisfy the cocycle condition h(αβ)h(βγ)h(γα) = 1.
In this subsection we explained in an almost pedantic way how geometric structures on smooth
manifolds become the familiar and more treatable objects on local Rd coordinates we physicists
use. We will see in the next subsection that these intermediate steps become much less trivial
if we want to glue local charts for DFT.
4.2 The atlas of a bundle gerbe
The aim of this section will be finding an atlas for a bundle gerbe M, seen as a stack.
An atlas for the 2-algebra. Let us call Rd ⊕ bu(1) the 2-algebra of the abelian 2-group
R
d × BU(1). It is well-known that an L∞-algebra is equivalently described in terms of its
Chevalley-Eilenberg differential graded algebra. In our particular case this will be
CE
(
R
d ⊕ bu(1)) = R[ea, B]/〈dea = 0, dB = 0〉, (4.2.1)
where the {ea} with a = 0, . . . , d − 1 are elements in degree 1 and B is an element in degree
2. Since the 2-algebra is abelian, the differentials of the generators of its Chevalley-Eilenberg
algebra are trivial. Now recall that an atlas is an effective epimorphism from our manifold to
our stack. In this case it will be an effective epimorphism from an ordinary Lie algebra a to our
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2-algebra of the form
f : a −։ Rd ⊕ bu(1). (4.2.2)
Dually this can be given as an effective monomorphism between the respective Chevalley-
Eilenberg differential graded algebras
f∗ : CE
(
R
d ⊕ bu(1)) −֒→ CE(a) (4.2.3)
In other words we want to identify an ordinary Lie algebra a such that its Chevalley-Eilenberg
algebra contains an element ω := f∗(B) ∈ CE(a) in degree 2 which is the image of the degree 2
generator of CE
(
R
d ⊕ bu(1)) and which must satisfy the same equation
dω = 0, (4.2.4)
since a homomorphism of differential graded algebras maps f∗(0) = 0. Since a must be an
ordinary Lie algebra, its Chevalley-Eilenberg algebra CE(a) will have only degree 1 generators.
Thus its generators must consist not only in the ea := f∗(ea), but also in an extra set e˜a for
a = 0, . . . , d− 1 which satisfies
ω = e˜a ∧ ea (4.2.5)
Now the equation dω = 0, combined with the equation dea = 0, implies that the differential of
the new generator is zero, i.e. de˜a = 0. Thus we found the differential graded algebra
CE(a) = R[ea, e˜a]/〈dea = 0, de˜a = 0〉 (4.2.6)
which must come from the ordinary Lie algebra
a = Rd ⊕ (Rd)∗. (4.2.7)
Let us now call Rd,d := Rd⊕(Rd)∗ and notice that the underlying vector space is 2d-dimensional.
The differential graded algebra can be thought as
CE(Rd,d) ∼= (Ω•li(Rd,d), d) (4.2.8)
where the notation Ω•li(G) means the complex of the left invariant differential forms on a Lie
group G. But Rd,d is also a smooth manifold, with functions C∞(Rd,d) generated by coordinate
functions xa, and x˜a. Thus the left invariant 1-forms on Rd,d are just
ea = dxa
e˜a = dx˜a
(4.2.9)
In conclusion we constructed a homomorphism of 2-algebras
f : Rd ⊕ (Rd)∗ −։ Rd ⊕ bu(1) (4.2.10)
which is a well-defined atlas for our 2-algebra.
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Now let us discuss the kernel pair of the atlas (4.2.10). As we have seen, this is defined as the
pullback (in the category theory sense) of two copies of the map f of the atlas (4.2.10). The
coequalizer diagram of these maps is
R
d,d ×Rd⊕bu(1) Rd,d Rd,d Rd ⊕ bu(1).f (4.2.11)
To deal with it, we can consider the Chevalley-Eilenberg algebras of all the involved L∞-algebras
and look at the equalizer diagram of the cokernel pair which is dual to the starting kernel pair
(4.2.11). This will be given by the following maps of differential graded algebras:
CE(Rd,d) ⊔CE(Rd⊕bu(1)) CE(Rd,d) CE(Rd,d) CE(Rd ⊕ bu(1)).f
∗
(4.2.12)
Let us describe this in more detail. If composed with f∗, the two maps send the generators
ea to ea and the generator B to a couple ω = e˜a ∧ ea and ω′ = e˜′a ∧ ea, where e˜a and e˜′a are
such that they both satisfy the same equation de˜′a = de˜a. This implies that they are related
by a gauge transformation e˜′a = e˜a + dλa. This fact can be seen as a consequence of the gauge
transformations B′ = B + dλ with parameter λ := λaea.
An atlas for the 2-group. Now Rd×BU(1) is the 2-group which integrates the 2-algebra
R
d⊕bu(1). Let us now call Rd,d the manifold underlying the ordinary Lie group which integrates
the ordinary abelian Lie algebra Rd ⊕ (Rd)∗. Then the map
F : Rd,d −։ Rd ×BU(1) (4.2.13)
which exponentiates the homomorphism of algebras (4.2.10) is a well defined atlas for the Lie
2-group Rd ×BU(1).
An atlas for the bundle gerbe. Recall that we proposed in [Alf20] that the doubled
spaceM is a bundle gerbe on a base manifold spacetimeM . This implies thatM can be locally
trivialized to a collection of local trivial gerbes {Uα ×BU(1)}α∈I on any given cover {Uα}α∈I
of the base manifold M . Thus, similarly to the example of the ordinary circle bundle, we have a
collection of effective epimorphism ϕα : Rd×BU(1)։ Uα×BU(1) for any chart. These induce
a single effective epimorphism
⊔
α∈I R
d×BU(1) {ϕα}α∈I−−−−−−−−→M which, however, is not an atlas,
since its source is itself a stack and not an ordinary manifold. This map is still interesting,
because it formalizes the idea that the total space of the gerbe M locally looks like the Lie
2-group Rd ×BU(1).
Now we know that each Rd ×BU(1) has a natural atlas (4.2.13). Thus by composition we can
construct maps φα : Rd,d
F−−−→ Rd × BU(1) ϕα−−−−→ Uα × BU(1). By combining them we can
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construct an atlas for the bundle gerbe:
⊔
α∈I
R
d,d {φα}α∈I−−−−−−−→ M (4.2.14)
Čech nerve of the atlas of the bundle gerbe. Let us assume that our bundle gerbe
is specified by the Čech cocycle
(
B(α), Λ(αβ), G(αβγ)
)
. We can now use the map (4.2.14) to
explicitly construct the Čech nerve of the atlas. We obtain the following simplicial object:
⊔
α,β,γ∈I
R
d,d ×M Rd,d ×M Rd,d
⊔
α,β∈I
R
d,d ×M Rd,d
⊔
α∈I
R
d,d M{φα}α∈I
Let us describe this diagram in more detail in terms of its dual diagram of Chevalley-Eilenberg
algebras. The two maps of the kernel pair send the local degree 1 generator to dxµ and the local
degree 2 generator to a couple of local 2-forms ωtriv(α) = dx˜(α)µ ∧ dxµ and ωtriv(β) = dx˜(β)µ ∧ dxµ
on the fiber product of the α-th and β-th charts. Now the local 1-forms dx˜(α)µ and dx˜(β)µ
are required to be related by a gauge transformation dx˜(α)µ = dx˜(β)µ + dΛ(αβ)µ where the
gauge parameters Λ(αβ)µ are given by the cocycle of the bundle gerbe. Equivalently the two
2-forms must be related by a gauge transformation ωtriv(α) = ω
triv
(β) +dΛ(αβ) with gauge parameter
Λ(αβ) = Λ(αβ)µdx
µ. The gauge parameters, as expected, are required to satisfy the cocycle
condition Λ(αβ) + Λ(βγ) + Λ(γα) = dG(αβγ) on three-fold fiber products of charts.
4.3 The atlas of DFT
The main problem of the traditional approaches to geometry of DFT is trying to glue the left-
hand-side
⊔
α∈I R
d,d of the atlas (4.2.14) to form a global 2d-dimensional smooth manifold, not
recognizing that it is actually the atlas of a bundle gerbe.
Natural interpretation for the extra dimensions. The 2d-dimensional atlas of the
bundle gerbe is the natural candidate for being an atlas for the doubled space of DFT. This means
that we can avoid the conceptual issue of requiring a 2d-dimensional spacetime (or even a much
higher-dimensional one for Exceptional Field Theory), because the extra d coordinates of the
charts locally describe the remaining degree of freedom of the bundle gerbe. In this sense, DFT
on a chart Rd,d is a local description for a field theory on the bundle gerbe.
Principal connection of the gerbe. On the atlas of a bundle gerbe we can define its
principal connection ω ∈ Ω2(⊔α∈I Rd,d) by the difference ω(α) := ωtriv(α) −B(α) of the local 2-form
ωtriv(α) we obtained in the previous subsection and the pullback of the local connection 2-form
B(α) of the bundle gerbe living on the base manifold. This definition assures that ω(α) = ω(β)
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on overlaps of charts Rd,d ×M Rd,d. Thus in local coordinates we can write
ω =
(
dx˜(α)µ +B(α)µνdx
ν
) ∧ dxµ (4.3.1)
Notice that the form ω is invariant under gauge transformations of the bundle gerbe, i.e. of the
Kalb-Ramond field. In general it is also possible to express the principal connection ω = e˜a∧ ea
in terms of the globally defined 1-forms e˜a = dx˜(α)a +B(α)aνdxν and ea = dxa on the atlas.
We can also pack both the left invariant differential forms in a single 1-form EA with index
A = 1, . . . , 2d which is defined by Ea := ea and Ea := e˜a. In this notation we have that the
connection can be expressed by
ω = ωAB E
A ∧ EB (4.3.2)
where ωAB is the 2d-dimensional standard symplectic matrix. Notice that we recover the cur-
vature of the bundle gerbe by
H = −dω ∈ Ω3cl(M). (4.3.3)
This is completely analogous to the curvature of a circle bundle P ։ M being the differential
of its connection ξ ∈ Ω1(P ), i.e. it is F = dξ ∈ Ω2cl(M).
Global generalized metric on the gerbe. A global generalized metric can now be
defined just as an orthogonal structure
M −→ GL(2d)//O(2d), (4.3.4)
on the bundle gerbe itself, just like a Riemannian metric on a manifold. As explained in [Alf20],
if we require the generalized metric structure to be invariant under the principal action of the
bundle gerbe, this will have to be of the form
G(α) = gab ea ⊗ eb + gab e˜a ⊗ e˜b
= diag(g, g−1)AB E
A ⊗ EB
(4.3.5)
and in in terms of local coordinates we find the usual expression
G(α)MN =
(
gµν −B(α)µλgλρB(α)ρβ B(α)µλgλν
−gµλB(α)λν gµν
)
. (4.3.6)
Local para-complex geometry. Our local chart is canonically split by Rd,d = Rd⊕(Rd)∗,
where the restriction Rd can be seen as a chart for the d-dimensional base manifold M of the
gerbe. This immediately implies that the tangent bundle of the local chart splits by
TRd,d ∼= TRd ⊕ T (Rd)∗ (4.3.7)
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Then on each chart the gerbe connection becomes a projector to the vertical bundle
ω : TRd,d −։ T (Rd)∗ (4.3.8)
Recall that an Ehresmann connection for an ordinary principal bundle defines a projection ξ :
TP ։ V P onto the vertical subbundle: for the gerbe it is not so different. If we consider a vector
X = Xµ∂µ+X˜µ∂˜
µ on Rd,d, this will be mapped by the connection to XV := (X˜µ+B(α)µνXν)∂˜µ.
Thus, if we call {EA} a basis of left-invariant vectors on Rd,d dual to the 1-forms {EA}, we
obtain vectors of the form
XAEA = X
µ∂µ +
(
X˜µ +B(α)µνX
ν
)
∂˜µ (4.3.9)
Notice that, if we restrict ourselves to strong constrained vectors, these are immediately global-
ized to sections of a Courant algebroid twisted by the gerbe with connection B(α). See [Alf20]
for more details about the tangent stack of the gerbe.
The para-complex structure can be defined by using the gerbe connection by J := idTRd,d − 2ω,
in analogy with a principal connection. If we split a vector in horizontal and vertical projection
X = XH +XV , this will be mapped to J(X) = XH −XV .
Thus every chart (Rd,d, J, ω) is a para-Hermitian vector space. In this specific sense a bundle
gerbe is naturally equipped with an atlas of para-Hermitian charts, even if its total space is not
a smooth manifold.
4.4 The T-dual spacetime is a submanifold of the gerbe
If we accept the identification of the global doubled space with the total space of the bundle
gerbe, then how can we obtain the T-dual spacetime to the starting one? Let us briefly explain
it with a concrete example.
Abelian T-duality. Let our gerbe M ։ M have a base manifold which is itself the total
space of a T n-bundle M ։ M0. Moreover we will assume that the gerbe bundle satisfies
the T-duality condition L∂iH = 0. Now let
(
xµ(α), θ
i
(α)
)
be the local coordinates of a chart
R
d = Rd−n×Rn of M adapted to the torus fibration and let ξi = dθi(α)+Ai(α) ∈ Ω1(M) be the
global connection 1-form of the torus bundle. This means that the gerbe connection will be
ω =
(
dθ˜(α)i − ι∂iB(α)
) ∧ (dθi(α) +Ai(α)) + (dx˜(α)µ +B(2)(α)µνdxν) ∧ dxµ (4.4.1)
where we called B(2)(α) the horizontal part of the 2-form B(α) respect to the torus fibration and
where
(
x˜(α)i, θ˜(α)i
)
are the local coordinates of (Rd)∗. Thus we obtain the following forms
eµ = dxµ ei = dθi(α) +A
i
(α)
e˜µ = dx˜(α)µ +B
(2)
(α)µνdx
ν e˜i = dθ˜(α)i − ι∂iB(α)
(4.4.2)
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Thanks to the T-dualizability condition satisfied by the bundle gerbe, something special happens:
the 1-form e˜i = dθ˜(α)i − ι∂iB(α) becomes the global connection of a well-defined T n-bundle
K ։M . See [Alf20] for more details about abelian T-duality in the bundle gerbe picture.
Therefore, in the special case of a T-dualizable bundle gerbe, the (Rn)∗ ⊂ (Rd)∗ part of the
charts are glued together to form an extra manifold: an extra T˜ n-bundle. This manifold can be
seen as the T-dual spacetime and this gives rise to T-duality. On the other hand the remaining
(Rd−n)∗ ⊂ (Rd)∗ part of the charts still cannot be glued to form a manifold. Let us remark
that in the general case the local charts (Rd)∗ of the bundle gerbe cannot be glued to form a
manifold at all. Whenever the gerbe contains such a fiber bundle K ։ M , which we will call
generalized correspondence space, there is T-duality.
See section 5 for a deeper discussion of more general cases of T-duality and generalized corre-
spondence space, including the ones whose fibers are Drinfel’d doubles.
Born Geometry of the internal space. This also explains the effectiveness of Born
Geometry when dealing with internal spaces, such as tori or Drinfel’d doubles. In fact, the
restriction of the gerbe connection ω to the fiber of the generalized correspondence space K
is the fundamental 2-form of an almost symplectic structure. For example, for the previous
example abelian T-duality, the connection restricts to ω|T 2n =
(
dθ˜(α)i + B
(0)
(α)ijdθ
j
(α)
) ∧ dθi(α),
where we called B(0)(α)ij := ι∂i ι∂jB(α) the moduli field of the Kalb-Ramond field. It is not hard
to see that the fibers of K are almost para-Hermitian manifolds equipped with Born Geometry.
Relaxation of the strong constraint. In principle, if we want to relax the strong con-
straint, we can consider fields on our bundle gerbe which are not necessarily invariant under its
principal action. We will have to glue these new fields according to the rules that we exposed
in the last subsection.
5 Global tensor hierarchy in Higher Kaluza-Klein Theory
In this section we will argue that strong constrained tensor hierarchies should be globalized and
geometrized by reduction of the differential data of a bundle gerbe. As particular examples of
this perspective we will deal with two example of T-folds.
5.1 Global tensor hierarchies, topology and non-geometry
We will try to examine the idea of tensor hierarchies from section 2 by using the globally-defined
bundle gerbe machinery from section 3.
Motivation. The global T-fold geometries we introduced in [Alf20] (see section 3), since they
are obtained by dimensionally reducing the global doubled space (i.e. the bundle gerbe), should
be considered global tensor hierarchies, in the spirit of [HS13]. However it is not at all clear that
T-folds can be obtained by gauging the local tensor hierarchy algebra of section 2, i.e. the local
prestack Ω
(
U,D(R2n)
)
. In this section we will propose a definition of global strong constrained
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tensor hierarchies which is more general than the higher gauge theory definition of section 2.
Then we will show that abelian and Lie-Poisson T-folds match this definition.
Strong constrained tensor hierarchies. Recall that tensor hierarchies require the
strong constraint to be well-defined. Let us thus replace the C-bracket with the anti-symmetrized
Roytenberg bracket of Generalized Geometry. We can then solve the strong constraint and ob-
tain locally the curvature as Dsc(R2n)-valued differential forms
F = dA− [A ∧, A]Roy +DB
H = DB + 1
2
〈A ∧, dA〉 − 1
3!
〈A ∧, [A ∧, A]Roy〉
(5.1.1)
where now the bracket [−,−]Roy is the anti-symmetrized Roytenberg bracket. In coordinates
this corresponds to setting ∂˜i = 0 on any field so we will also have (DB)i = ∂iB, which implies
DB = dB +Ai ∧ ∂iB. Analogously for all the others Dsc(R2n)-valued differential forms.
Global tensor hierarchies. Here is our proposal of definition of global tensor hierarchy:
A global DFT tensor hierarchy on M0 is the result of the dimensional reduction of the connection
of a bundle gerbe on a principal G-bundle M ։ M0. Therefore the 2-groupoid TH Gsc (M0) of
global DFT tensor hierarchies on M0 is given as follows
TH
G
sc (M0) :=

[
G,B2U(1)
]
/G
M0 BG

(5.1.2)
Let us call Gerbes(M) =
{
M B2U(1)
}
the 2-groupoid of bundle gerbes on a manifold M .
From our definition of global tensor hierarchy (5.1.2) and from the definition of dimensional
reduction (3.2.1) we immediately have the natural isomorphism of 2-groupoids
⊔
M s.t. M։M0
is a G-bundle
Gerbes(M) ∼= TH Gsc (M0) (5.1.3)
Example: topological T-duality. Let us now re-examine better the case (3.2.2). For
any Lie group G let us call G-equivGerbes(M) the groupoid of G-equivariant gerbes on M and
for any L∞-group H let us call H-Bundles(M0) the groupoid of principal H-bundles on M0.
Thus we have the equivalence⊔
M s.t. M։M0
is a Tn-bundle
T n-equivGerbes(M) ∼= String(T n× T˜ n)-Bundles(M0) (5.1.4)
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This reads as follows: any gerbe on the total space of a T n-bundleM ։M0 which is equivariant
under the principal T n-action is equivalently a String(T n× T˜ n)-bundle on the base manifold
M0. If we forget the higher form fields, we remain with a T n× T˜ n-bundle, which is nothing but
the correspondence space K = M ×M0 M˜ of topological T-duality.
Thus, unsurprisingly, our definition of global tensor hierarchy includes doubled torus bundles.
5.2 T-folds as global tensor hierarchies
In this subsection we will briefly explain the global geometry of a T-fold, which is obtained
by dimensionally reducing a bundle gerbe on a torus bundle spacetime. Then we will explain
how the geometric structure we obtain can be naturally interpreted as a particular case of the
global tensor hierarchies we defined. It will be important to notice that these T-folds cannot be
obtained by gauging the algebra of local tensor hierarchies from section 2. This will give further
motivation to the definition of the previous subsection.
The generalized correspondence space of T-duality. Let us start from the T n-
bundle M ։ M0, whose total space M is equipped with a Riemannian metric g and gerbe
structure with curvature H ∈ Ω3cl(M). In the following we will use the underlined notation for
the fields living on the total spaceM . We can now use the principal connection ξ ∈ Ω1(M,Rn) of
the torus bundle to expand metric and curvature in horizontal and vertical components respect
to the fibration. We will obtain
g = g(2) + g
(0)
ij ξ
i ⊙ ξj (5.2.1)
H = H(3) +H
(2)
i ∧ ξi +
1
2
H
(1)
ij ∧ ξi ∧ ξj +
1
3!
H
(0)
ijkξ
i ∧ ξj ∧ ξk (5.2.2)
where we can choose H(3), H(2)i , H
(1)
ij , H
(0)
ijk as globally defined differential forms which are pull-
backs from base manifold M0, so that they do not depend on the torus coordinates. Now on
patches and two-fold overlaps of patches of a good cover of M we can use the connection of the
torus bundle to split the differential local data of the connection of the gerbe in horizontal and
vertical part too. We obtain
B(α) = B
(2)
α +B
(1)
(α)i ∧ ξi +
1
2
B
(0)
(α)ijξ
i ∧ ξj
Λ(αβ) = Λ
(1)
(αβ) + Λ
(0)
(αβ)iξ
i
(5.2.3)
The Bianchi identity of the gerbe on the total space M reduces to the base M0 as it follows:
dH = 0 =⇒

dH
(0)
ijk = 0
dH
(1)
ij +H
(0)
ijk ∧ F k = 0
dH
(2)
i +H
(1)
ij ∧ F j = 0
dH(3) +H
(2)
i ∧ F i = 0
(5.2.4)
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where d and d are respectively the exterior derivative on the total space M and on the base
manifold M0. Analogously, the expression of the curvature of bundle gerbe on local patches
becomes
H = dB(α) =⇒

H
(0)
ijk = ∂[iB
(0)
(α)jk]
H
(1)
ij = dB
(0)
(α)ij − ∂[iB(1)(α)j]
H
(2)
i = dB
(1)
(α)i + ∂iB
(2)
(α) −B(0)(α)ijF j
H(3) = dB
(2)
(α) −B(1)(α)i ∧ F i
(5.2.5)
where ∂i = ∂/∂θi is the derivative respect to the i-th coordinate of the torus fiber. The patching
conditions of the connection 2-form on two-fold overlaps of patches are as following:
B(β) −B(α) = dΛ(αβ) =⇒

B
(0)
(β)ij −B(0)(α)ij = ∂[iΛ(0)(αβ)j]
B
(1)
(β)i −B(1)(α)i = dΛ(0)(αβ)i − ∂iΛ(1)(αβ)
B
(2)
(β) −B(2)(α) = dΛ(1)(αβ) + Λ(0)(αβ)iF i
(5.2.6)
And the patching conditions of the 1-forms on three-fold overlaps of patches become
Λ(αβ) + Λ(βγ) + Λ(γα) = dg(αβγ) =⇒
 Λ
(0)
(αβ)i + Λ
(0)
(βγ)i + Λ
(0)
(γα)i = ∂ig(αβγ)
Λ
(1)
(αβ) + Λ
(1)
(βγ) + Λ
(1)
(γα) = dg(αβγ)
(5.2.7)
The tensor hierarchy of a T-fold. To show that this geometric structure we obtained
from the reduction of the bundle gerbe is a particular case of global tensor hierarchy, let us
make the following redefinitions to match with the notation we used in section 2:
FI(α) :=
 δij 0
B
(0)
(α)ij δ
j
i
 F j
H
(2)
j
 , H := H(3)
AI(α) :=
A(α)
B
(1)
(α)
 , B(α) := B(2)(α)
λI(αβ) :=
 λi(αβ)
Λ
(0)
(αβ)i
 , Ξ(αβ) := Λ(1)(αβ).
(5.2.8)
where the local 1-forms Ai(α) and scalars λ
i
(αβ) are respectively the local potential and the
transition functions of the original torus bundle M ։ M0. Since our fields are assumed to be
strong constrained, we well have simply DI = (0, ∂i) with ∂i = ∂/∂θi on horizontal forms. The
Bianchi equation (5.2.4) of the gerbe curvature, together with the Bianchi equation dF = 0 of
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the curvature of the torus bundle can now be equivalently rewritten as
dF(α) = 0
dH− 1
2
〈F(α) ∧, F(α)〉 = 0
(5.2.9)
which are a particular case of the Bianchi equations of a tensor hierarchy. We can now rewrite
all the patching conditions in the following equivalent form:
F(α) = dA(α) +DB(α)
H = dB(α) + 1
2
〈A(α) ∧, F(α)〉
A(α) −A(β) = dλ(αβ) +DΞ(αβ)
B(α) − B(β) = dΞ(αβ) − 〈λ(αβ),F(α)〉
λ(αβ) + λ(βγ) + λ(γα) = Dg(αβγ)
Ξ(αβ) + Ξ(βγ) + Ξ(γα) = dg(αβγ)
g(αβγ) − g(βγδ) + g(γδα) − g(δαβ) ∈ 2πZ
(5.2.10)
which, at first look, appears a particular and strong constrained case of the global tensor hier-
archy in (2.7.26). However we will see in the following that it is not completely the case. This
will motivate more the identification of a T-fold with an element of TH T
n
sc (M0).
It is well-known that, to be T-dualizable, the string background we started with must satisfy
the T-duality condition L∂iH = 0 on the curvature of the bundle gerbe. From now on we will
assume a simple solution for this equation: the invariance of Kalb-Ramond field under the torus
action. In other words we will require L∂iB(α) = 0, but the other differential data Λ(αβ), g(αβγ)
of the gerbe are still allowed to depend on the torus coordinates. See [Alf20] for the general
solution. Notice that this immediately implies that F(α) = dA(α) in equation (5.2.10).
Topology of the tensor hierarchy of a T-fold. Now it is important to show that the
curvature FI(α) is not in general the curvature of a T 2n-bundle on the (d− n)-dimensional base
manifold M0. To see this let us split FI(α) = (F i(α), F˜(α)i) and consider [π∗H ] ∈ H2(M,Zn). We
can see that
[(π∗H)i] =
[
H
(2)
i −H(1)ij ξj
]
6=
[
H
(2)
i +B
(0)
(α)ijF
j
]
= [F˜(α)i] (5.2.11)
Notice that the inequality (5.2.11) becomes an equality if and only if H(1) is an exact form
on the base manifold M0, as it is showed in [BHM07] and [Alf20]. In this case we would have
H(0) = 0 and H(1) = dB(0), where B(0) would be a global ∧2Rn-valued scalar on M0, which
indeed implies [dB(0)ij ξ
j ] = −[B(0)ij F j ]. As explained in [Alf20], this particular case corresponds
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to geometric T-duality, which is the case where the T-dual spacetime is a well-defined manifold
and not a non-geometric T-fold. Thus geometric T-duality is exactly the special case where
FI(α) is the curvature of a T 2n-bundle on M0. But what is the geometric picture for a T-fold?
In the T-fold case, as seen in [Alf20], we can think about [π∗H ] ∈ H2(M0,Zn) as the curvature
of a T n-bundle K ։ M over the total spacetime M . The total space K is called generalized
correspondence space.
T˜ n K c1(K) = [π
∗H ]
T n M c1(M) = [F ]
M0
π
(5.2.12)
Now the picture of the doubled torus bundle holds only locally on Uα × T 2n for each patch
Uα ⊂ M0. Now, if we call collectively ΘI(α) :=
(
θi(α), θ˜(α)i
)
the 2n coordinates of the fiber T 2n,
we can construct the Ehresmann connection of any local doubled torus bundle Uα × T 2n by
dΘI(α) +AI(α) ∈ Ω1
(
Uα × T 2n
)
. (5.2.13)
The geometrical meaning of the curvature F(α) ∈ Ω2cl
(
Uα × T 2n
)
is being at every patch the
curvature of the local torus bundle Uα × T 2n, even if these ones are not globally glued to be
a T n-bundle on M0. This corresponds indeed to the well-known fact that a non-geometry is
a global property. In fact we can always perform geometric T-duality if we restrict ourselves
on any local patch: the problem is that all these T-dualized patches will in general not glue
together.
As derived by [BHM07] and more recently by [NW19], T-folds are characterized by a monodromy
matrix cocycle
[
n(αβ)
]
, which is a collection of an anti-symmetric integer-valued matrix n(αβ)
at each two-fold overlap of patches, satisfying the cocycle condition n(αβ) + n(βγ) + n(γα) = 0
on each three-fold overlap of patches. The monodromy matrix cocycle is nothing but the gluing
data for the local B(0)(α) moduli fields, i.e. it encodes integer B-shifts B
(0)
(α)−B(0)(β) = n(αβ) on each
two-fold overlap of patches. This arises from equation (5.2.6) combined with the T-dualizability
condition L∂iB(α). The consequence of the presence of the monodromy matrix cocycle is that
the local connections (5.2.13) are glued on two-fold overlaps of patches (Uα ∩ Uβ)× T 2n by(
dΘ(α) +A(α)
)I
=
(
en(αβ)
)I
J
(
dΘ(β) +A(β)
)J
(5.2.14)
This immediately comes from the definition of these connections in equation (5.2.8). Moreover
this immediately implies that the curvature is glued by the monodromy matrix cocycle too as
FI(α) =
(
en(αβ)
)I
J
FJ(β) (5.2.15)
In this sense, a T-fold is patched by a cocycle en(αβ) ∈ O(n, n;Z) valued in the T-duality group.
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If, instead, we want to look at the T-fold as a globally defined T n-bundle K ։ M with first
Chern class [π∗H ] ∈ H2(M,Zn), we can easily construct its connection by noticing that the
following 1-form is global on the total space K of the bundle:(
e
−B
(0)
(α)
)I
J
(
dΘ(α) +A(α)
)J
=
(
e
−B
(0)
(β)
)I
J
(
dΘ(β) +A(β)
)J
. (5.2.16)
We can thus define the global 1-form:
ΞI :=
(
e
−B
(0)
(α)
)I
J
(
dΘ(α) +A(α)
)J ∈ Ω1(K,R2n) (5.2.17)
whose first n components are just the pullback of connection Ξi = ξi of spacetime M ։M0 and
whose last n components Ξi are the wanted connection of the generalized correspondence space
K ։ M . As desired, the differential dΞi on K gives the pullback on K of the globally-defined
curvature π∗H ∈ Ω2cl(M,Rn).
Similarly to F(α), the moduli field G(α)IJ of the generalized metric is not a global O(n, n)-valued
scalar on the base manifold M0, but it is glued on two-fold overlaps of patches Uα ∩ Uβ ⊂ M0
by the integer B-shifts encoded by the monodromy matrix n(αβ) of the T-fold as
G(α)IJ =
(
en(αβ)
)K
I
G(β)KL
(
en(αβ)
)L
J
(5.2.18)
Only the 3-form field H of the tensor hierarchy, as seen in [Alf20], is a globally defined (but not
closed) differential form on the (d− n)-dimensional base manifold M0.
Uα Uβ
Uα ∩ Uβ
en(αβ)∈O(n, n;Z)
gluing
T 2n T 2n
F(α), G(α)
F(β), G(β)
Figure 1: The gluing conditions on the T 2n fibers and the fields F(α), G(α) for a simple T-fold.
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T-duality on the tensor hierarchy of a T-fold. Given any element O ∈ O(n, n;Z) of
the T-duality group, we can see that there is a natural action on the local 2n coordinates of the
torus by ΘI(α) 7→ OIJΘJ(α) and on the fields of the tensor hierarchy by
FI(α) 7→ OIJFJ(α), H 7→ H, G(α)IJ 7→ OKI G(α)KLOLJ . (5.2.19)
If we include also the dimensionally reduced global pseudo-Riemannian metric g on M0, we can
sum how the fields transform under T-duality in the table 1.
Fields under O(n, n;Z)-action
Singlet rep. Fundamental rep. Adjoint rep.
g,B(α) AI(α) G(α)IJ
Table 1: A summary of the fields transforming under T-duality.
Clearly, together with the torus coordinates, this will transform our monodromy matrix cocycle
(en(αβ))IJ to a new O(d, d;Z)-cocycle OIK(en(αβ))KJ , but, since the fields depend only on the
physical coordinates, the global geometric interpretation in the generalized correspondence space
does not change.
On the other hand, if we want an intrinsic and "non-doubled" description of the T-dual string
backgrounds, as explained by [BP09], we obtain a non-commutative T n-bundle on M0 which is
classified by the cocycle
[
n(αβ)
] ∈ H1(M0, ∧2Z2) on its base manifold.
We can finally summarize these two equivalent descriptions within the table 2.
The tensor hierarchy from gerbe dimensional reduction. There is an important
subtlety in this discussion: the most general tensor hierarchy of the T-fold does not arise by
gauging the tensor hierarchy 2-algebra. This means that the tensor hierarchy of the T-fold is not
a higher gauge theory onM0. This is due to the presence of the monodromy matrix cocycle n(αβ),
which glues the curvatures by FI(α) =
(
en(αβ)
)I
J
FJ(β) and which is not a gauge transformation of
the connection.
Thus the most general global formalization of the tensor hierarchy of a T-fold must then be
given by the dimensional reduction of a bundle gerbe, i.e. by a diagram of the form
TH
Tn
sc (M0) =

[
T n,B2U(1)
]
/T n
M0 BT
n

(5.2.20)
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T-fold
Tensor
hierarchy
description
Generalized
correspondence space
description
Space of
the T-fold
Local Uα × T 2n
glued by en(αβ)
Global T n-bundle
K ։M
on spacetime M
Connection
data
dΘI(α) +AI(α) ΞI
Curvature
data
FI(α) F i, (π∗H)i
Main
feature
Fields of the
tensor hierarchy
are manifest
Topology (including
non-geometry)
is manifest
Relation Related by a e
B
(0)
(α)-twist on each patch
Table 2: A brief summary of the two descriptions for the T-fold.
5.3 Poisson-Lie T-folds as non-abelian global tensor hierarchies
Non-abelian T-duality is a generalization of abelian T-duality for string backgrounds whose
group of isometries is non-abelian. Poisson-Lie T-duality is a further generalization of this
concept where the string background is not even required to have isometries, but which relies on
the existence of a more subtle rigid group structure. See [BPV20] for discussion of Poisson-Lie
T-duality of a σ-model in a group manifold and [Has17] for discussion of Poisson-Lie T-duality
in DFT. For applications see [BMPV19] and [BP20].
The generalized correspondence space of Poisson-Lie T-duality. As we have
just seen, a bundle gerbe on a T n-bundle spacetime π : M ։ M0 is abelian T-dualizable if
[π∗H ] ∈ H2(M,Zn), so that π∗H becomes the curvature of a T n-bundleK ։M , the generalized
correspondence space. In the simplest case we examined, we had (π∗H)i = d(−ιeiB(α)), which
makes Ξ˜i = dθ˜(α) − ιeiB(α) the global connection 1-form of the bundle K. Now we want to
study the generalization of this from abelian T-duality to Poisson-Lie T-duality.
We say that a bundle gerbe M ։ M on a G-bundle spacetime π :M ։ M0 is Poisson-Lie
T-dualizable if π∗H is the curvature of a G˜-bundle K ։ M , where G˜ is some Lie group with
the same dimension dimG = dim G˜. In the simple case we examined in [Alf20] this implies that
(π∗H)i = d(−ιeiB(α)) +
1
2
C˜ jki (−ιejB(α)) ∧ (−ιekB(α)) (5.3.1)
where {ei}i=1,...,dimG is a basis of vertical G-left-invariant vectors on M and where C˜ jki are the
structure constants of the Lie algebra g˜ := Lie(G˜). Notice that the local 1-form −ιeiB(α) is now
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the local potential of a non-abelian principal bundle. In analogy with abelian T-duality we call
the total space K the generalized correspondence space of the Poisson-Lie T-duality. Therefore
we have a diagram of the following form:
G˜ K
G M
M0
(5.3.2)
Crucially the composition K ։ M0 is a fiber bundle on M0 with fiber G × G˜, but it is not a
principal bundle. However, for any good cover {Uα} of the base manifold M0, the total space
K will be still locally of the form K|Uα ∼= Uα ×G× G˜.
The hidden Drinfel’d double fiber. The generalized correspondence space K, on any
patch Uα of the base manifoldM0, can be restricted to a local trivial bundle K|Uα ∼= Uα×G×G˜.
For the fiber G × G˜ we can introduced the parametrization defined by γ(α) = exp(θi(α)ei) and
γ˜(α) = exp(θ˜(α)ie˜
i), where θ(α) and θ˜(α) are local coordinates on the group G × G˜ near the
identity element. Now, on each trivial local G× G˜-bundle K|Uα ∼= Uα×G× G˜ we can construct
the following local g⊕ g˜-valued differential 1-form:
(
ξ(α)
ξ˜(α)
)
:=
γ
−1
(α)dγ(α) +Adγ−1(α)
A(α)
γ˜−1(α)dγ˜(α) +Adγ˜−1(α)
B
(1)
(α)
 ∈ Ω1(Uα ×G× G˜, g⊕ g˜), (5.3.3)
where we called A(α) = Ai(α) ⊗ ei and B(1)(α) = B(1)(α)i ⊗ e˜i. Here we used the vector notation
for elements of g ⊕ g˜. Notice that this is a local G × G˜-connection 1-form for our local bundle
Uα ×G× G˜.
Now, the global connection data of the generalized correspondence space K is given by the
connection of the G-bundle M ։ M0 and the one of the G˜-bundle K ։ M . We can combine
them in a global g⊕ g˜-valued 1-form on the total space K as it follows
Ξ :=
 γ−1(α)dγ(α) +Adγ−1(α)A(α)
γ˜−1(α)dγ˜(α) +Adγ˜−1
(α)
(
B
(1)
(α) − B(0)(α)kξk
)
 ∈ Ω1(K, g⊕ g˜) (5.3.4)
The relation between the global 1-form Ξ encoding the global connection data of the generalized
correspondence space and the local G× G˜-connections ξ(α), ξ˜(α) defined in (5.3.3) is given by
Ξ =
 ξ
ξ˜(α) −Adγ˜−1
(α)
(
B
(0)
(α)kξ
k
)
 (5.3.5)
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We can rewrite the relation by making the generators {ei, e˜i}i=1,...,n of the algebra g⊕ g˜ explicit
Ξ =
(
ξi, ξ˜(α)i
)(δ ji −B(0)(α)ℓi u˜ ℓ(α)j
0 δij
)(
ej
e˜j
)
(5.3.6)
where the matrix u˜ i(α)j is defined by the adjoint action Adγ˜−1
(α)
(e˜i) = u˜ i(α)j e˜
j of the group G˜ on
its algebra g˜ and depends only on the local coordinates θ˜α.
Let us not introduce the concept of Drinfel’d double D := G ⊲⊳ G˜. A Drinfel’d double D is
defined as an even-dimensional Lie group whose Lie algebra d = Lie(D) has underlying vector
space g⊕ g˜ generated by the generators {ei, e˜i}n=1,...,i and bracket structure given by
[ei, ej ]d = C
k
ij ek
[ei, e˜
j ]d = C
j
ki e˜
k − C˜kjiek
[e˜i, e˜j ]d = C˜
ij
ke˜
k
(5.3.7)
Thus we can write its Lie algebra in the split form d = g ⊲⊳ g˜, where g is the subalgebra
generated by the generators {ei}n=1,...,i and g˜ is the subalgebra generated by the generators
{e˜i}i=1,...,n. We can also write D = G ⊲⊳ G˜, where G is the Lie group integrating g and G˜ is the
one integrating g˜. Notice that the manifold underlying the Drinfel’d double group D = G ⊲⊳ G˜
is the same manifold underlying the direct product G× G˜, but it crucially comes equipped with
a different Lie group structure. Now let us choose the parametrization Γ(α) := γ(α)γ˜(α) ∈ D
for the Drinfel’d double D = G ⊲⊳ G˜, where we are still calling γ(α) = exp(θi(α)ei) ∈ G and
γ˜(α) = exp(θ˜(α)ie˜
i) ∈ G˜ with (θ(α), θ˜(α)) local coordinates on the product manifold G × G˜. As
explained by [Hul07b], the adjoint action of the subgroup G˜ on the Lie algebra d of the full
Drinfel’d double D = G ⊲⊳ G˜ is specified on the generators by the following matrix
γ˜−1(α)
ei
e˜i
 γ˜(α) =
(u˜−T(α)) ji b˜(α)ij
0 u˜ i(α)j
ej
e˜j
 (5.3.8)
where the submatrices u˜(α) and b˜(α) depend only on the local coordinates of G˜ and b˜(α) is skew-
symmetric. Similarly, the adjoint action of the subgroup G on the Lie algebra d is given on
generators by
γ−1(α)
ei
e˜i
 γ(α) =
(u(α)) ji 0
βij(α) (u
−T
(α))
i
j
ej
e˜j
 (5.3.9)
where this time the matrices u(α) and β(α) depend only on the local coordinates of G and β(α)
is skew-symmetric.
Recall that we are parametrizing the points of our local bundle by
(
x(α), Γ(α)
) ∈ Uα × D. It
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was shown by [HRE09] that on each D fiber the Maurer-Cartan 1-form is given by
Γ−1(α)dΓ(α) =
((
γ−1(α)dγ(α)
)i
,
(
γ˜−1(α)dγ˜(α)
)
i
)(u˜−T(α)) ji b˜(α)ij
0 δij
(ej
e˜j
)
(5.3.10)
where γ−1(α)dγ(α) is the Maurer-Cartan 1-form on the subgroup G and γ˜
−1
(α)dγ˜(α) is the one on G˜.
If we write the Maurer-Cartan 1-form in terms of the generators of the Drinfel’d double we get
(
Γ−1(α)dΓ(α)
)J
=
 (u˜−T(α)) ji (γ−1(α)dγ(α))i(
γ˜−1(α)dγ˜(α)
)
i
+ b˜(α)ij
(
γ−1(α)dγ(α)
)i
 (5.3.11)
Now, on our local bundle K|Uα ∼= Uα ×D, we can define the following local d-valued 1-form
Γ−1(α)dΓ(α) +AdΓ−1
(α)
A(α) ∈ Ω1(Uα ×D, d) (5.3.12)
by requiring the identity
Γ−1(α)dΓ(α) + AdΓ−1
(α)
A(α) :=
(
ξi, ξ˜(α)i
)(u˜−T(α)) ji b˜(α)ij
0 δij
(ej
e˜j
)
(5.3.13)
where ξi and ξ˜(α)i are the local connections defined in (5.3.3). This 1-form can be seen as a
D-connection (not necessarily principal) on each local bundle Uα × D. In terms of generators
of the Drinfel’d double we have the 1-forms
(
Γ−1(α)dΓ(α) +AdΓ−1(α)
A(α)
)J
=
 (u˜−T(α)) ji ξi
ξ˜i + b˜(α)ij ξ
i
 (5.3.14)
From equation (5.3.13) combined with the identity AdΓ−1
(α)
= Adγ˜−1
(α)
◦Adγ−1
(α)
we can get an explicit
expression for the local 1-form A(α) = AI(α) ⊗ EI where {EI} are collectively the generators of
d. We find that the relation between A(α) and the potential Ai(α) and the component B(1)(α)i of
the Kalb-Ramond field is
Ai(α) = Ai −B(1)(α)k(uT(α))kℓ βℓn(α) (u−1(α))in and A˜(α)i = B(1)(α)k(uT(α))ki (5.3.15)
When the Drinfel’d double D is an abelian group we immediately recover the usual abelian
1-form potentials AI(α) =
(
Ai(α), B
(1)
(α)i
) ∈ Ω1(Uα, R2n) of the abelian T-fold.
We can now combine equation (5.3.6) with equation (5.3.13) to find the relation between the
global 1-form ΞI , encoding the global connection data of the generalized correspondence space,
and the local D-bundle connection in (5.3.15). The relation is thus given as it follows:
ΞI = U I(α)J
(
Γ−1(α)dΓ(α) +AdΓ−1
(α)
A(α)
)J
(5.3.16)
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where we defined the following matrix
U I(α)J :=
 u˜ i(α)j 0(
b˜(α)iℓ − u˜ k(α)iB(0)(α)kℓ
)
u˜ ℓ(α)j δ
j
i
 (5.3.17)
which generally depends on both the local coordinates
(
θi(α), θ˜(α)i
)
of the fibers. Now we must
calculate its inverse matrix and find
(
U−1(α)
)I
J
=
 (u˜−1(α))ij 0
u˜ k(α)iB
(0)
(α)kj − b˜(α)ij δ ji
 (5.3.18)
Finally we can define a Čech cocycle which is given on two-fold overlaps of patches by
N(αβ) := U
−1
(α) U(β) (5.3.19)
We can calculate this matrix and find
N I(αβ)J =
 (u˜−1(α))ik u˜ k(β)j 0[(
u˜ m(α)iB
(0)
(α)mℓ − b˜(α)iℓ
)− (u˜ m(β)iB(0)(β)mℓ − b˜(β)iℓ)]u˜ ℓ(β)j δ ji
 (5.3.20)
Thus we can finally write the patching conditions for our local D-bundle connections by
(
Γ−1(α)dΓ(α) +AdΓ−1(α)
A(α)
)I
= N I(αβ)J
(
Γ−1(β)dΓ(β) +AdΓ−1(β)
A(β)
)J
(5.3.21)
Therefore the cocycle N(αβ) represents the obstruction of the generalized correspondence space
K from being a global D-bundle on the base manifold M0. In physical terms this means that,
whenever the cocycle N(αβ) is non-trivial, the Poisson-Lie T-dual spacetime is not a geometric
background, but a T-fold. This is directly analogous to how the abelian T-fold rises from the
generalized correspondence space not being a global T 2n-bundle (see previous section).
Moreover, if we include the higher form field, we have that the cocycle N(αβ) is also the obstruc-
tion of the bundle gerbe M from being equivalent to a global String(G ⊲⊳ G˜)-bundle on M0.
This observation is the key to understand how the tensor hierarchy of the Poisson-Lie T-fold is
globalized on the base manifold.
In the next part of the subsection, like we did for the abelian T-fold, we will compare this
structure with the one emerging by gauging the algebra of tensor hierarchies we defined in
section 2. We will briefly show that they do not perfectly match, like in the abelian case.
Tensor hierarchy of a Poisson-Lie T-fold. Let us define the 2-algebra of doubled
vectors D(D) on the Drinfel’d double D = G ⊲⊳ G˜ by directly generalizing the 2-algebra D(R2n)
49
we saw in (2.7.6). We can then consider the 2-algebra
D(D) :=
(
C∞(D) D−−−→ X(D)
)
(5.3.22)
The manifestly strong constrained version of the 2-algebra D(D) will be given by the following
Dsc(D) =
(
C∞(G) D−−−→ Γ(G, TG⊕ T ∗G)
)
(5.3.23)
since there exists an isomorphism T ∗G ∼= T G˜, which implies TG ⊕ T ∗G ∼= TG ⊕ T G˜ ∼=
TD. The algebroid TG ⊕ T ∗G is then generally equipped with anti-symmetrized Roytenberg
brackets. However notice that, for a frame {EI} of D-left-invariant generalized vectors, the
anti-symmetrized Roytenberg bracket are just
[EI , EJ ]Roy = C
K
IJ EK (5.3.24)
where the CKIJ are the structure constants of the Drinfel’d double algebra d = g ⊲⊳ g˜. This
means that for such generalized vectors the anti-symmetrized Roytenberg bracket reduces to
the Lie bracket [−,−]Roy = [−,−]d of the Drinfel’d double algebra d.
Now let us try to construct the stackification of the prestack Ω
(
U, Dsc(D)
)
of local tensor hier-
archies and let us consider a cocycle
(A(α), B(α), λ(αβ),Ξ(αβ), g(αβγ)) where the local differential
forms are given as it follows:
A(α) ∈ Ω1(Uα)⊗ X(D), B(α) ∈ Ω2(Uα)⊗ C∞(G),
λ(αβ) ∈ C∞(Uα ∩ Uβ)⊗ X(D) Ξ(αβ) ∈ Ω1(Uα ∩ Uβ)⊗ C∞(G),
g(αβγ) ∈ C∞(Uα ∩ Uβ ∩ Uγ ×G).
(5.3.25)
We also impose the conditions that the 1-form connection is of the form A(α) := AI(α)⊗EI where
{EI} is a frame of vertical D-left-invariant generalized vectors and that the 2-form connection
satisfies DB(α) = 0. The patching conditions of the cocycle will then be of the following form:
F(α) = dA(α) +
[A(α) ∧, A(α)]d
H = dB(α) + 1
2
〈A(α) ∧, F(α)〉+ 1
3!
〈A(α) ∧, [A(α) ∧, A(α)]d〉
A(α) = λ−1(αβ)
(A(β) + d)λ(αβ) +DΞ(αβ)
B(α) − B(β) = DΞ(αβ) − 〈log λ(αβ), F(α)〉
λ(αβ) λ(βγ) λ(γα) = expDg(αβγ)
Ξ(αβ) + Ξ(βγ) + Ξ(γα) = dg(αβγ)
g(αβγ) − g(βγδ) + g(γδα) − g(δαβ) ∈ 2πZ
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where we used the map log : D → d and where D is the covariant derivative of the field A(α).
Again, the globalization of tensor hierarchy that we obtain by gauging the local prestack of
tensor hierarchies is not the most general globalization we can think of. This is because it does
not take into account the obstruction N(αβ) cocycle, appearing in equation (5.3.21), which we
get by dimensional reduction of the bundle gerbe.
Tensor hierarchy from reduction of the gerbe. Thus this discussion motivates again
the definition of global strong constrained tensor hierarchy by the following dimensional reduc-
tion of a bundle gerbe:
TH
G
sc (M0) =

[
G,B2U(1)
]
/T n
M0 BG

(5.3.26)
5.4 Example: semi-abelian T-fold
In this subsection we will consider (1) a spacetime which is a general S3-fibration M ։M0 on
some base manifold M0 and (2) a gerbe bundle M։M with satisfies the simple T-dualization
condition LeiB(α) = 0, where B(α) is the gerbe connection and {ei} are a basis of SU(2)-left
invariant vectors on spacetime M .
As seen in the previous subsection the dimensional reduction of these gerbe contains a global
bundle K, the generalized correspondence space, defined by the following diagram:
T 3 K
SU(2) M
M0
(5.4.1)
This case is often called semi-abelian, because spacetime is a principal fibration whose algebra
has non-zero structure constants [ei, ej]su(2) = ǫkij ek, but the dual ones C˜
jk
i = 0 vanish.
From calculations which are analogous to the ones for the abelian T-fold we find that the moduli
of the flux are related to the moduli of the Kalb-Ramond field byH(0)ijk = D[iB
(0)
(α)jk]+B
(0)
(α)[i|ℓ ǫ
ℓ
|ij]
where Di = Lei . Also notice that the moduli of the Kalb-Ramond field is patched on overlaps
of patches by B(0)(β)ij − B(0)(α)ij = D[iΛ(0)(α)j] + Λ(0)(α)ℓ ǫ ℓij . This will be useful very soon. We must
now apply all the machinery from the previous subsection to this particular example.
• We can combine the pullback on K of the global connection of the SU(2)-bundleM ։M0
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and the global connection of the T 3-bundle K ։M in a single object by
ΞI =
 ξi
dθ˜(α)i +B
(1)
(α)i +B
(0)
(α)ijξ
j
 ∈ Ω1(K, su(2)⊕ R3) (5.4.2)
• Now we can consider a local patch Uα ⊂ M0 of the base manifold. The total space K
restricted on this local patch will be isomorphic to K|Uα = Uα × SU(2)× T 3. These local
bundles can be equipped with local connections ξi
dθ˜(α)i +B
(1)
(α)i
 ∈ Ω1(Uα × SU(2)× T 3, su(2)⊕ R3). (5.4.3)
As derived in [Alf20, pag. 61], these local connections are glued on two-fold overlaps of
patches (Uα ∩ Uβ)× SU(2)× T 3 by a cocycle of B-shifts of the form ξi
dθ˜(α)i +B
(1)
(α)i
 =
 δij 0
n(αβ)ij + ǫ
k
ij λ˜(αβ)k δ
j
i
 ξj
dθ˜j +B
(1)
(β)j
 (5.4.4)
where we defined the matrix n(αβ)ij := D[iλ˜(αβ)j]. Notice that the T-dualizability condi-
tion we imposed on the gerbe implies that n(αβ)ij is a ∧2Z3-valued Čech cocycle, similarly
to the monodromy matrix cocycle appearing in the abelian T-fold.
As we will explain later, these are the local connection used in most of the non-abelian
T-duality literature (before the introduction of Drinfel’d doubles). As noticed by [Bug19,
pag. 13] they look very similar to an abelian T-fold, but with the monodromy depending on
the coordinates via the term ǫ kij λ˜(αβ)k. However we will see that it is better to construct
and use proper local D-connections to make the tensor hierarchy really manifest.
• Now we must use the fact that the adjoint action of T 3 on D = SU(2) ⋉ T 3 is specified
by setting u˜ i(α)j = δ
i
j and b˜(α)ij = ǫ
k
ij θ˜(α)k. Thus we can construct the local connection
for each local D-bundle Uα ×D by b˜(α)-twisting the local connection (5.4.3), obtaining
(
Γ−1(α)dΓ(α) +AdΓ−1
(α)
A(α)
)I
=
 ξi
dθ˜i +B
(1)
(α)i + ǫ
k
ij θ˜(α)kξ
j
 ∈ Ω(Uα ×D, d) (5.4.5)
Crucially, this new 1-form is invariant under gauge transformation B(α) 7→ B(α) + dη(α)
of the original gerbe bundle on M , with gauge parameter η
(α)
∈ Ω1inv(Uα ×G). Thus this
gives a proper local connection for the internal manifold-fibration rising from the vertical
part of the dimensional reduction of the bundle gerbe.
To verify that the 1-form (5.4.5) is a proper connection we need to verify that the local potential
A(α) ∈ Ω1(Uα, d) is actually the pullback of a 1-form from the base Uα. Since forD = SU(2)⋉T 3
we have βij = 0, the first component Ai = Ai is just the local potential of the SU(2)-bundle. To
check the second component A˜(α)i, let us notice that the T-dualizability condition LeiB(α) = 0
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on the gerbe immediately implies Lei(B(1)(α)k ∧ ξk) = 0. Now notice that, since the matrix uT(α)
encompasses the adjoint action of the inverse of γ(α) = exp(θi(α)ei), it must be equal to the
exponential of the matrix ǫijkθ
k
(α). Therefore we can re-write the 1-form B
(1)
(α)k = A˜(α)i(uT(α))ik,
where the A˜(α)i depend only on the base Uα.
The field strengths of these principal connections is then given by their covariant derivative
F(α) = dA(α) +
[A(α) ∧, A(α)]d ∈ Ω2(Uα, d). (5.4.6)
In components of the generators of the algebra d, these assume the following form:
F i(α) = dAi(α) + ǫijkAj(α) ∧ Ak(α)
F˜(α)i = dA˜(α)i + ǫkijAj(α) ∧ A˜(α)k
(5.4.7)
What we need to find out now is how these local D-bundles are globally glued together.
We can immediately see that the global connections of the generalized correspondence space
encoded in the global 1-form ΞI are related to the local SU(2) ⋉ T 3-connections (5.4.5) by a
local patch-wise B-shift U I(α)J of the following form:
ΞI =
 δij 0
−(B(0)(α)ij + ǫkij θ˜(α)k) δ ji
(Γ−1(α)dΓ(α) +AdΓ−1(α)A(α))J (5.4.8)
which, crucially, depends both on the physical and on the extra coordinates. The geometric
flux is here just given by the structure constants ǫ kij of su(2). Thus from this expression we
immediately get that the wanted patching condition on twofold overlaps of patches are
(
Γ−1(α)dΓ(α) +AdΓ−1(α)
A(α)
)I
=
(
en(αβ)
)I
J
(
Γ−1(β)dΓ(β) +AdΓ−1(β)
A(β)
)J
(5.4.9)
where, generalizing the abelian case, the monodromy cocycle en(αβ) ∈ Aut(D; Z) is an integer-
valued automorphism of the Drinfel’d double. The interesting point is that semi-abelian T-folds
are still glued by integer B-shifts, similarly to the abelian ones, if we consider local D-bundles.
Consequently the curvatures are glued by
FI(α) =
(
en(αβ)
)I
J
(
Adλ−1
(αβ)
F(β)
)J
(5.4.10)
where λi(αβ) are the expected transition functions of the SU(2)-bundle M ։ M0. As usual, if
we want to include also the higher form field of which characterizes a tensor hierarchy
H = dB(α) + 1
2
〈A(α) ∧, dA(α)〉− 1
3!
〈A(α) ∧, [A(α) ∧, A(α)]d〉
this will be a globally defined, but not closed, 3-form on the base manifold.
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Non-abelian T-duality in the literature. We will now explain how the conventional
non-abelian T-duality picture we are used in the literature, see for instance [KLMC15] and
[Bug19, pag. 13], emerges and is clarified. Usually, in the literature, (1) we start from the
moduli field of the Kalb-Ramond field B(0)(α)ijξ
i ∧ ξj and of the metric g(0)ij ξi ⊗ ξj . Then (2) we
perform a shift which depends on the dual coordinates B(0)(α)ijξ
i∧ξj 7→ (B(0)(α)ij+ǫ kij θ˜(α)k)ξi∧ξj .
Finally (3) we perform the proper inversion of the matrix of the moduli field by
g˜(0)ij + B˜
(0)ij
(α) :=
(
g
(0)
ij +B
(0)
(α)ij + ǫ
k
ij θ˜(α)k
)−1
to obtain the non-abelian T-dual Kalb-Ramond field B˜(0)ij(α) ξ˜(α)i ∧ ξ˜(α)j where the role of the
connection is now played by the local 1-forms ξ˜(α)i = dθ˜(α)i +B
(1)
(α)i, which are nothing but the
last three components of (5.4.3). As we know, these connections are not globally defined and
hence, as already observed in [Bug19, pag. 13], we obtain a particular T-fold. If we explicit the
transition functions λ˜(αβ) = θ˜(β)−θ˜(α) ofK and we consider the simplest case with n(αβ) = 0, we
indeed notice that the B-shifts (5.4.4) which glue the ξi and ξ˜(α)i reduce to the transformations
ǫ kij
(
θ˜(β) − θ˜(α)
)
k
which were firstly illustrated by [Bug19, pag. 13] for S3.
However these operations and their underlying geometry can be better understood in terms of
local D-bundles Uα × D. This is because, as seen in equation (5.4.8), the "effective" moduli
field of the Kalb-Ramond field is the sum B(0)(α)ij + ǫ
k
ij θ˜(α)k and T-duality is nothing but an
automorphism of the fiber D. As we have shown, working by considering local D-bundles leads
to the simpler patching conditions (5.4.5), than the ones (5.4.4) that are obtained by analogy
with abelian T-folds.
The geometric case: the global String(SU(2) ⋉ T 3)-bundle. When our bundle
gerbeM։M is equivariant under the principal SU(2)-action ofM , we get that the flux is just
H
(0)
ijk = B
(0)
(α)[i|ℓ F
(0) ℓ
|ij] and the monodromy matrix cocycle n(αβ) = 0 is zero. This means that
the local D-bundles Uα×D are glued together to form a global D-bundle on the base manifold
M0. If we include also the higher form field H, we will have a global String(D)-bundle on the
base manifold M0. In other words we have the following equivalence of 2-groupoids⊔
M s.t. M։M0
is a SU(2)-bundle
SU(2)-equivGerbes(M) ∼= String(SU(2)⋉ T˜ 3)-Bundles(M0) (5.4.11)
where we called SU(2)-equivGerbes(M) the 2-groupoid of SU(2)-equivariant gerbes on M and
String(SU(2)⋉ T˜ 3)-Bundles(M0) the 2-groupoid of String(SU(2)⋉ T˜ 3)-bundles on the base M0.
For example, we can look at the case where both our spacetime M = M0 × S3 is a trivial
fibration and our gerbe bundle M։M is topologically trivial with vanishing Dixmier-Douady
class [H ] = 0 ∈ H3(M,Z). In this case we obtain a trivially-fibered generalized correspondence
space K = M0 × D with doubled fiber D = SU(2) ⋉ T 3. Consequently the global tensor
hierarchy rising from the dimensional reduction of this trivial gerbe will be just the connection
of the trivial principal ∞-bundle M0 × String(D)։M0.
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6 Outlook
We clarified some aspects of the Higher Kaluza-Klein approach to DFT. In particular we defined
an atlas for the bundle gerbe which locally matches what we expect from the doubled space of
DFT. Moreover we illustrated how (strong constrained) tensor hierarchies can be globalized by
starting from the bundle gerbe.
Exceptional Field Theory as geometrized M-theory. One of the strengths of Higher
Kaluza-Klein geometry is that it can, in principle, be generalized to any bundle n-gerbe and
more generally to any non-abelian principal ∞-bundle. This can overcome the usual difficulty
of DFT geometries in directly being generalized to M-theory. We are intrigued by the prospect
that Exceptional Field Theory could be formalized as a Higher Kaluza-Klein Theory on the
total space of the (twisted) M2/M5-brane bundle gerbe on the 11d super-spacetime, such as the
one described by [FSS18a].
The cases of Heterotic DFT and Exceptional Field Theory will be explored in papers to come.
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